WEYL SUMS IN F,[z] WITH DIGITAL RESTRICTIONS

MANFRED G. MADRITSCH AND JORG M. THUSWALDNER

ABSTRACT. Let Fy be a finite field and consider the polynomial ring Fq[X]. Let Q € Fq[X].
A function f : F4q[X] — G, where G is a group, is called strongly Q-additive, if f(AQ + B) =
f(A) + f(B) holds for all polynomials A, B € Fq[X] with deg B < deg@Q. We estimate Weyl
Sums in Fq[X] restricted by Q-additive functions. In particular, for a certain character E we
study sums of the form

ST E(h(P)),
e

where h € Fq((X~1))[Y] is a polynomial with coefficients contained in the field of formal Laurent
series over Fg and the range of P is restricted by conditions on f;(P), where f; (1 <1i <) are
Q;-additive functions. Adopting an idea of Gel’fond such sums can be rewritten as sums of the

form
T R’L
> k(e ).
deg P<n =1 4
with R;, M; € Fq[X]. Sums of this shape are treated by applying the k-th iterate of the Weyl-
van der Corput inequality and studying higher correlations of the functions f;. With these Weyl

Sum estimates we show uniform distribution results.

1. INTRODUCTION

The objective of the present paper is the study of exponential sums in Laurent series over
a finite field F,. In particular, we are interested in Weyl sums involving terms related to digit
representations of elements of the polynomial ring R := F,[X]. In order to describe this more
precisely, let
Pn:={A€eR:degA <n}
be the set of all polynomials in R whose degree is less than n and fix a polynomial Q € R of
positive degree d. It is easy to see that each A € R admits a unique Q-ary digital expansion

(1.1) A=Y"D,Q"  (D;€Pa)
i>0

We call a function f : R — G, where G is a group, strongly Q-additive if f(AQ+B) = f(A)+f(B).
Thus, if we represent an element A € R by its Q-ary digital expansion (1.1), we may write

f(A) =) f(Dy).
i>0
One simple example is the sum of digits function, which is defined by
sQ(A):=>_D;.
i>0
Drmota and Gutenbrunner [6] considered exponential sums of the shape

T

(1.2) > E Z%fi(A)

A€eP, i=1
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with R;, M; € R, Q;-additive functions f; and an additive character E defined on the field of
Laurent series over a finite field (compare (2.2) for the exact definition). Estimating such sums they
are able to derive results on the structure of subsets of R that are defined in terms of restrictions
of certain @;-additive functions. For instance, they show that the values of r quite arbitrary
@;-additive functions are equidistributed in residue classes with respect to a given element of R.
Moreover, they are able to prove normal distribution results involving );-additive functions.

Our aim is to give estimates for exponential sums of a more general structure. In particular,
we allow that the argument of the character E in (1.2) may contain an additional polynomial
summand. This result also forms a generalization of a result of Kubota [11] which is the basis of
a treatment of Waring’s Problem in function fields. We will dwell on this result again in Section 2
after having the necessary notations at hand.

Our exponential sum estimate has several applications. We want to present an equidistribution
result for sets of polynomials defined in terms of @);-additive functions. In particular, the present
paper is organized as follows.

e In Section 2 we define the basic notions which are standard in this area (c¢f. for instance
[1, 3,4, 5,9, 11]) and give some preliminary results. Moreover we state the main results
of the paper, i.e., an estimates for Weyl sums in R with Q;-additive functions and an
equidistribution result in I, involving rstrictions by @;-additive functions.

e Section 3 is devoted to an estimate for higher auto correlation of ();-additive functions. The
results of this section are partly generalizations of results of Drmota and Gutenbrunner [6].

e Section 4 is devoted to the proof of the Weyl sum estimates. To this matter the correlation
result of the previous section is used.

e Section 5 contains the proof of the uniform distribution result.

2. PRELIMINARIES AND STATEMENT OF RESULTS

We want to state our results on Weyl Sums over the ring R := F,[X] in this section and review
some earlier results related to such sums. To state the results we have to set up a certain additive
character which will allow us to define exponential sums. This character will be defined in the field
F,((X~1)) of Laurent series over F,. All these objects are standard in this field (see for instance
[1, 11]) and we recall their definition briefly.

We set K := Fy(X) for the field of rational polynomials over F,. Moreover, vectors will be
written in boldface, i.e., we will write for instance D := (Dy, ..., D;) where £ is an integer.

With R and K we have the analogues for the ring of “integers” and the field of “rationals”,
respectively. To get an equivalent for the “reals” we define a valuation v as follows. Let A, B € R,
then

(2.1) v(A/B) :=deg A — deg B

and v(0) := —co. With help of this valuation we can complete K to the field Koo :=F,((X 1)) of
formal Laurent series. Then we get

—+oo
v ( Z az-Xi> =sup{i € Z: a; # 0}.
1=—00
Thus for A € R we have v(A) = deg A.
For convenience if not stated otherwise we will always denote a polynomial in R by a big Latin
letter and a formal Laurent series in Ko, by a small Greek letter.
By the definition of K., we can write every a € K, as

v(a)
o= Z aka
k=—o00
with ar € F,;. Then we call |o] = ZZ(:OB) ap X" the integral part and in the same manner

{a} := a — |a] the fractional part of a. If there exist A, B € R such that « = AB~! then we call
« rational, otherwise « is irrational.
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The next ingredient for the Weyl Sums are additive characters. Let o € Koo, v = 3% g, X7

1=—00

Then by Res o := a—; we denote the residue of an element a. In a finite field F, of characteristic
char F, = p we define the additive character E by

(2.2) E(a) = exp (2mitr(Resa)/p) ,

where tr : F; — F,, denotes the usual trace of an element of I, in IF,.
This character has the following basic properties which mainly correspond to well-known prop-
erties of the character exp(2mix).

Lemma 2.1 ([11, Lemma 1]).

2)
3) E is not identically 1.
4) E(a+p) = E(a)E(B).
5) E(A) =1 for every A € F [X].
6) For N,Q € R we have
A deg Q ; N
S ok <N> _ {q if QIN,
deg A<deg O Q 0 otherwise.
The sum in (6) of Lemma 2.1 is a very simple Weyl Sum. We define a general Weyl Sum by
(233) S(a, M, @) = ) E(ap(4)),
AeM
where o € Koo, M C R is a finite set, and ¢ : R — K is a function.

One of the first results in that area was given by Kubota [11]. It reads as follows

Theorem ([11, Proposition 12]). Let h(Y) = aY* + ap 1 Y* 1 + - 4+ 1Y € K [Y] with
k = degh < p = charF,. Suppose that there exist relatively prime polynomials A and Q) with
a= % + 8 such that v(8) < v(Q)~2 and n < v(Q) < (k — 1)n. Then

(2.4) S(, Po, ) < "0z Fe),

We denote by Z C R and Z,, := P,, N T the set of all irreducible polynomials and the set of all
irreducible polynomials of degree less than n, respectively. Then Car [1] could prove the following
result (see Hayes [9] for the case k = 1).

Theorem ([1, Proposition VIL7]). Let h(Y) = aY* + ap 1 Y* 1 + ... + 1Y € K [Y] with
k =degh < p=charlF,. Let

4qr? 9
r >0 and n > sup { 4kr, ——— + 2kr
(log q)?
be positive integers. Let H be a polynomial such that deg H € {2kr,... kn — 2kr}. Then for G a
polynomial relatively prime to H
S(GH™Y,Z,, h) < rlogn)n!+ " " gnhe ™
holds.

In the present paper we are interested in estimating exponential sums over polynomials that
satisfy certain congruences involving @;-additive functions. Throughout the paper fori=1,...,r
let f; denote a @;-additive function where @); € R are pairwise coprime polynomials and d; :=
deg @Q);. Furthermore let M; € R and m; = deg M; for ¢ = 1,...,r. Then we define

Co(f, I M) =C,(J):={A € P, : f1(4A) = Jy mod My,..., f(A) = J. mod M,},
moreover, let

(2.5) C(f, I, M) =C(I) := | J C.(I).

n>1
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Before we state our results we need a numbering of the polynomials in R and in C(J). Therefore
let 7 be a bijection from F, into the set {0,1,...,¢ — 1} with 7(0) = 0. Then we extend 7 to R
by setting 7(ap X* + -+ a1 X + ag) = 7(ag)g* + -+ 7(a1)q+ 7(ap). Similarly we pull back the
relation < from N to R via 7 such that for A,B € R
(2.6) A< B:&71(A) <7(B).

By this we get a sequence {Z;},>o with Z, = 771(¢) for all £ € N. In the same way we get a
sequence {Wg}[zo with W, € C(J) for all ¥ € N and T(WZ) < T(Wj) &1 < g, Thus {Zg}gzo
and {W;}¢>0 are two rising sequences over R and C(J) (a sequence § = {A;}¢>0 of elements in
R is called rising if ¢ < j = deg A; < deg A;, ¢f. Hodges [10]). Finally we denote by ni,ns,...
positive integers such that
(2.7) 0 —1=deg(Wp,—1) < deg(W,,,) = ¢.
With this definition we have that
Ps={Zi:0< 1 <q°},

Cs(J)={Wy:0< L < ng}.

Now we are ready to state our main results. Let ¢ be a function. Then the difference operator
Ay (£ > 0) is recursively defined by

Ao(p(A)) == ¢(A),

Af-‘rl(@(A)’ Dla ey D@-‘rl) = AE(QO(A + Df"rl); D17 e aDZ) - AZ(QO(A)’ D17 e 7D€)'
Theorem 2.2. Let Q1,...,Q, € R be relatively prime with d; := degQ; be given and for i €
{1,...,7} let f; be a Q;-additive function. Choose My,..., M, € R, set m; := deg M;, and fix
R E€Pp, XX P, Let h(Y) = apY*F + -+ a1Y + ap € Koo[Y] be a polynomial of degree
0 < k < charF,.

If there exists H € R* and A € R such that

E (Z ﬁiAk(fo);H)) 41,

then

n r RZ - N |

2" (h(Zf”ZMfi(zw) «nt ™ gt ),

=1 =10
where 2

ko 1—[®in(H;dy)
—94 = ,
y=2+3+ pocs

with some constant |®; (H;d;)| € (0,1).
We will use this result to prove the following theorem on uniform distribution in R.

Theorem 2.3. Let Q1,...,Q, € R be relatively prime and fori € {1,...,r} let f; be a Q;-additive
function. Choose M, ..., M,, Ji,...,J. € R. Let {W;};>1 be the elements of the set C(f,J, M)
defined in (2.5) ordered by the relation induced by T in (2.6) and h(Y) = apY* +-- -+ 1Y +ap €
KolY] be a polynomial of degree 0 < k < p = charF,. Then the sequence h(W;) is uniformly
distributed in Ko if and only if at least one coefficient of h(Y') — h(0) is irrational.

3. HIGHER CORRELATION

The present and the next section are devoted to the proof of Theorem 2.2. Despite some
parts of the proof contain similar ideas as the proof of the rational analogue of these results (cf.
Thuswaldner and Tichy [13, Theorem 3.4]) in our case new phenomena occur and considerable
parts of our treatment need other ideas. However, as in the rational case, we use a higher correla-
tion result which is a generalisation of a result of Drmota and Gutenbrunner [6, Proposition 3.1].
In particular, [6] contains many of the results of this section for the case k = 1 and more specific
choices of other parameters.
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Recall that charF, = p and that f; (1 < ¢ < r) are Q;-additive functions where Q; € R
are pairwise coprime polynomials of degree d;. Moreover Mj,..., M, € R are polynomials with
m; :=degM; fori=1,...,r.

We fix a R € P,,, X -+ X Py, and define for H € R*

(A H) = g (AFD) = B (AT )
(3.1)
ng(AH)—gkAH ngkAH

We will omit the R (resp. the R;) in the index of g if this omission conserns no confusion.
We define the following correlation functions.

(3.2) ;1 (H;n) Zgz k(Zp; H
(3.3) U, 1 (h;n) = N Y [®k(Hs )|

H,€Ph, Hy€Pp,,

Furthermore we denote by ®; and ¥}, the corresponding correlations with g; ;, replaced by gs.
Setting

Pk=P,x---xP,
—_———
k times

we are in a position to state our correlation result.

Proposition 3.1. Let hq,...,hg,n be positive integers. Let d = [dy,...,d,] be the least common
multiple of the degrees d;. Then for every 0 # R € Py, X -+ X Py, either

VAeER: gRO (ZM >:1

or there exists an i € {1,...,r} and an H € P} such that |®; x(H;d;)| <1 and

_ logn |\ 1—|®(H;d)| 1
Uy (h;n) < exp (—mm{hl,...,hk7 {21()qu} gt +nz,

In order to show the uniform distribution result mentioned in the introduction we need the
following adaption of [6, Proposition 1].
Proposition 3.2. For every R € Pp,, X -+ X Py, either

T

VAER : gro(A)=F (Z Rifi(A)> =1

o Mi
or
n—1
Jm, o 2 mo(Z)
holds.

Before we start with the proof we want to take a closer look at R € P,,, X - -+ x P, such that
gr,0(A) =1 for all A € R. Let Ry and Rz be such that gr, o(4) =1 for ¢ = 1,2. Then

" R i+ Ros
IR +R;0(4) = E <Z Wﬁ(@)

i=1

=K (Z T, *fi(A) + Z o, Zfi ) = 9gr,,0(A)gR,,0(A) = 1.

=1
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Thus we get that together with the identity element 0 that these R form a group under compo-
nentwise addition. This group we denote by

(3.4) G={RePp, X---XPp, :gro(4d) =0 VAecR}

In order to prove Propositions 3.1 and 3.2 we start with a very special setting and continue by
succesively relaxing our prerequesites. Thus the first estimation is for the special case r = 1 (see
[6, Lemma 3.4] which contains the case a = 1,k =1 of this result).

Lemma 3.3. Let hy,..., hy,a,n be positive integers. Fixi € {1,...,r}. If there exists an H € 7751,
such that |®; (H; d;)| <1 then

1— |®; 4 (H; g
U, k(h;aq™) < exp <—min(h1,...,hk,n) | dk;d@ a) )

Proof. We fix an R € P,,, X -+ X Pp,. As i and k are fixed throughout the proof of the lemma
weset W=, & =], g:=grriik, f:=Ffi,d:=d.

We can represent every element in R in Q-ary expansion Thus we define functions o, 01, ...
iteratively by

Ly = Zal(Z)Q =+ ZUO(E) (deg Zao(g) < d)
or1() := o1(0w(£)).

The following properties of the o; are easy to check.

Zoy) =2y 0<y<q?,
(3.5) Zoi(oqity) = Zoy(aqry 0<y<q®0<t,
{Zy,0y 1 g™ <0< g™V} ={Z,:0< 0 < ¢}

Further we define

a n—dt71
‘I)(t)(H;aq )= W Z g(Zot(qut);H)v
=0

i 2
\I/(t)(h;aqn) =q G=1 h Z Z ‘(I)(t)(H;aq”)

Hy€Ph, Hy P,

for n > dt.
We set

min(hy, ..., hg,n)
d

(3.6) s =
and show that for 0 <t <s, P, e Rand R; € Py (j =1,...,k)
(3.7) o(PQ +R;aq") = 2"V (P;ag”)®(R; ¢%)

holds.
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As f is Q-additive we get that f(P;Q + R;) = f(P;) + f(R;) for j = 1,...,k. Further for
A e R and I € Py we get g(AQ + I; PQ + R) = g(4; ) (I;R). Thus (3.5) 1mphes that

ag"*®" (PQ + R;ag")

aqn—dt71
= Z 9(Zs,(q); PQ + R)
=0
ag™ 4Gt 1 gd_q

= D> D 9 e erwat 1 45g2) @ F Zog (o, (aqi e+ ygiey)s PQ + R)

aqn—d(t+1)71 qd,l
= Z g(Z(Ut+1($qd(t+l)));P) Z 9(Zy;:R)
=0 y=0

= ag" """V (P ag" ) d(R; 7).
Now we show that for min(hy,..., hg) > d
U™ (h;ag") = ¥ (h — d;ag™)V(d, ..., d;¢%),
where h —d:= (hy — d, ..., hy — d).

Thus, using (3.7), we derive

g% "0 (hsaq")

= > > 3 Y eO@PQ+R;ag)2M (PQ + R;aq")

P1EPR, —a R1E€Pq Pr€Ph),—a Rk€Pa

Do > Y eEN(Pragh)@(Ri¢) @D (Prag") (R )

P1€Ppy—a R1E€Pq Py €Phy,—a R€Pa

Z Z W@HlPaq Z Z (R;q%)

P1E€EPLy—a Pkephk—d R1€Pg Rr€Pq

= qu 1 kd\If(Hl)(h d;aq™) g™V (d, ... d;q%).

By the trivial estimation of g we get that [¥(®)(h;n)| < 1 for all h, n and ¢. Furthermore with
s as in (3.6) we get (note that ¥ = W(0)

U(h;aq") = ¥V (hjaq") = ¥ (h - sd;ag")¥(d, . .., d; q%)".

Since ’\Il(s) — sd;aq™ ‘ 1 thls implies that |¥(h;ag™)| < |\I/ . d; qd)’S. Therefore we are
left with estimating ‘\I/ )| By hypothesis there exists an H € 735 with ’@(H; qd)’ <1,
yielding

_ .} 2 _ o od 2

Finally for given h and n we get that
. 1—|oH; ¢
W (h;aq™)| < |¥(d,...,d; qd)| < exp ( min (hy,..., g, n) |c§qdq>|>

and the lemma is proven. O
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Remark 3.4. As in [6, p.133] we see that |®; ,(H;d;)| = 1 is uncommon. Indeed, we get
VH € Py |®; x(H;d;)| =1
< VH e ”PZZ, VA € Py, : gi(A; H) is constant
& VH € Pj VA, B € Py, :
Gik—1(AH)gi k—1(A+ Hy; H) = g k—1(B; H)gi p—1(B + Hy; H)
S VH € P; ' VA B € Py, : gin—1(A+ B;H) = g; _1(A; H)g; 41 (B; H)
VA, B e Py, gio(A+ B) = gi0(A)gio(B).
Thus
JH € P @, 1 (H;d)| < 1
e
JA, B € Py, : 9io(A+ B) # gi,0(A)gi,0(B).
Before we generalize Lemma 3.3 to 7 > 1 we need a preliminary lemma.

Lemma 3.5 ([6, Lemma 3.3]). Let f be a completely Q-additive function, andt € N, K,R € R
with deg R, deg K < deg Q. Then for all N € R satisfying N = R mod Q! we have

fIN+K) = f(N) = [(R+ K) = [(R).
Now we are ready for the next step to r > 1 (see [6, Lemma 3.5] for a special case of this result).

Lemma 3.6. Let k < p be a positive integer and R € Pp,, X -+ X Py, be fived. If there exist
Hc 7751, such that |®; ,(H,d;)| <1 for at least onei=1,...,r then

1— |®; . (H; dy)[”
dig® .

U (h;aq™) < exp (— min{hq,..., hg,n}

Proof. We fix an R € Py, X -+ X Pp,.. Let £ € {1,...,r} be such that |®,,(H,ds)| < 1.
Then we want to reduce the estimation of ®;(h;ag™) to the estimation of @y (h; ag™) by trivially

estimating the rest. Let s = 3= and choose ¢; (i € {1,...,7}) in a way that b; = ¢; deg Q; satisfies

the inequality s < b; < 2s. Now set B; = in and split the sum over A € P,, up according to the
congruence classes modulo By, ..., B,.
Thus for a given S € Py, x - -+ x Py, we define

Ng:={Z,:0<{¢<aq",Zy =5 mod By,...,Zy =S, mod B,}.
For n > Y"7_, b; we get by the Chinese Remainder Theorem that

n
|NS‘ = "?Lb — aqnfzizl bi.

[Ticia

By our choice of the B; we can apply Lemma 3.5 and get

aq"®p(H;n) = Z gx(A; H)
A€Py,

Z Z Hgi,k(si§ H)

SE'Pbl X+ X Py, AENg i=1

> ﬁgi,k(si§ H)HTGL

L qb
SEPy, XX Py, i=1 j=11

:aqnnlfbi Z i,k (Si; H)

=1 Si pri

= aq" H D, (H,; qbi).
i=1
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Now we take the modulus and estimate ®; (H;¢%) for i # £ trivially. Thus

|k (Hs ag™)| < [] |®ir(H; ¢")

i=1

< |®ek(H; ¢)] .

Therefore we can estimate W by W ;. Noting that by < n < b, we get by an application of
Lemma 3.3 that

1 — | @y 5 (H; ¢%)|?
Uy (h;aq") < W p(h;¢™) < exp <—min{h1,...,hk,n} |2 (L 9))| )

deq
O
Finally we generalize Lemma 3.6 by allowing an arbitrary integer as second argument for Wy.

Lemma 3.7. Let k < p be a positive integer and R € Py, X+ - - X Py, be fized. Let d :=[d,...,dy]
be the least multiple. If there exist H € 7751_ such that |®; x(H,d;)| < 1 for at least one i =1,...7,

then
1 1— |®; 5 (H; d;)|?
Uy (h;n) < exp (—min{hl,...,hk,{ ognJ} @0 (HL; )| )

2log q dqdi
Proof. We fix R € Py, X+ X Py, As in Lemma 3.6 let £ be such that |®, ;(H,ds)| < 1. Further

we set
5 logn
" | 2dlogq |’

First we show how we can split up ®;. Define two positive integers a and b with n = ag® +b
and 0 < b < ¢ < n2. Then for any P € R¥ and R € Pk

n®,(PX% + R;n) = ag®®,(PX% 4+ R; aq™) + co(P)b®,(R; )

holds, where |c,(P)| =1 is a constant depending on a and P. Indeed, we obtain

ag?®—1 ag®®+b—1
n®(PX* +Rin) = > gn(ZzPX®+R)+ > g(ZPX® +R)
£=0 l=aqds

b—1

= ag™ O (PX™ + R;aq™) + Y gr(Za X" + Z,;PX* + R)
y=0

= aq® O (PX% + R;aq®) + c,(P) b®(R; ).

Now we show that by skipping the summands corresponding to b we do not lose to much.
’@k(Pde +R;n) — &, (PX% + R; aqd“‘)‘

dsq) Pde . ds P)bd .
— a/q k( +R7aq )+Ca( )b ]f(R7b) —(bk(Png‘i‘R,ang)

n
b
- ’CG(P)‘I)I@(R; b) — d,(PX +R; aqu)‘
b 1
L —<Kn 2.
n
Thus we get
1
©(PQ* + Rin) = (PQ* + Ryag™) + O(n™?)
and, hence,

Wy, (h;n) = Ui (h; ag®) + O(n~%).
Now we apply Lemma 3.6 to ¥y (h;aq?®) and get for fixed h

2
_ logn \ 1—|®(H;q%)| ~1
U(h;n) < exp <—m1n <h1"“’hk’21ogq) g% +n" 2.
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Now we are ready to state the proof of the higher correlation result.

Proof of Proposition 3.1. By the assumptions of Lemma 3.7 we split the proof into two cases.

Case 1: There exist an i and H € P¥ such that |®; ,(H;d;)| < 1. Then we get the result
by an application of Lemma 3.6.

Case 2: If for all i and H € P} we have |®; j,(H; d;)| = 1 then we get by Remark 3.3 that
9ik(A+ B;H) = g; ,(A;H)g; (B; H) and consequently

(3.8) gr(A+ B;H) = gi(A; H)gr(B; H)

for any A, B € P4 and thus by the @Q;-additivity of the f; ( = 1,...,r) also for A € R.
We again distinguish between two cases:
Case 2.1: go(A) =1 for every A € R. This is the first alternative in the proposition.
Case 2.2: There exists A € R such that go(A) # 1. In this case the proof is exactly
the same as the proof of case 2.2 in [6, p.136]. O

Finally we are left to show Proposition 3.2. To this matter we state first the Weyl-van der
Corput inequality in K-

Lemma 3.8 ([5, Lemma 2.1]). Let u be a complez-valued function defined on R. Let n and s be
positive integers such that ¢° < n. If n = aq®+0b for a and b positive integers such that 0 < b < ¢°,
then

n—1 2 n—1
¢Cn+q =0 D wZ)| < DD ulZu(Ze+ P),
=0 PePs =0

where w(B) =0 if 7(B) > 0.

Proof of Proposition 3.2. We only consider the case that there exists an R € Pp,, X -+ x Py, with
go(A) # 1 as otherwise there is nothing to show. Let s be the greatest integer such that ¢° < n.
Let a and b be positive integers such that n = aq¢® + b with 0 < b < ¢°. Then we apply Lemma
3.8 with u(A) := go(A) and get

i: 90(Ze)
=0

We apply Cauchy’s inequality to get ®1(n, P) squared as follows.

i: 90(Ze)
£=0

¢*(n+q =)~

2 n—1
<D 90(Z)ge(Ze+P)=n > ®1(P;n).

PeP, (=0 PEP,

4

<n’ Z |®1(n, P)|* = n2¢° ¥y (s;n),
PePs

¢*(n+q°—b)~?

and, hence,
4

< AntW (s; n).

n—1

Z 90(Z¢)
=0

Now we apply Proposition 3.1 to estimate ¥;(s;n) and by noting that s — co with n — oo the
proposition follows. O

4. WEYL’S LEMMA FOR (Q-ADDITIVE FUNCTIONS

In this section we prove Theorem 2.2. Therefore we have to estimate sums of the form
n—1
(4.1) Su(p) =Y B(¢(Z0));
£=0
where n is a positive integer and ¢ is a function ¢ : R — K. As we already stated the Weyl-van
der Corput inequality in Lemma 3.8, we generalise this result to the case of the kth difference
operator.



WEYL SUMS IN Fq[z] WITH DIGITAL RESTRICTIONS 11

Lemma 4.1. Letn and k < charF, be positive integers and u be a complex-valued function defined
on R. Let sq,...,s; be positive integers, such that ¢¥ < n for j =1,...,k. Further let a; and b;
be positive integers for j =1,...,k such that n = a;q* 4+ b; and 0 < b; < ¢*. Then

b n+qﬂ—b)
1S H ooy ZE (Ar((Ze): Py, ..., Py))

P1€’P P)CEP =0

holds, where u(B) =0 if 7(B) > n

Proof. We show this by induction on k. For k =1 this is Lemma 3.8 with u(Z;) := E(¢(Z;)) for
0</l<n.
For k > 1 we square the induction hypotheses and apply Cauchy’s inequality to get

2

k . k+1—j
ok+1 (n —+ qSJ — b)2
1Su)” < ]] q%j’ ooy ZE (Aw(o(Z0); Py,..., Py))
J=1 PiePy;  PrePs, £=0
) k+1—j 2
(n+q% —b;)?
< Y ey S e )
J=1 PiePs;  PrEPs, [£=0

Applying Lemma 3.8 with u(Z;) := E(Ax(o(Ze); Py, ..., Py)) for the innermost sum yields

k41
S ()
k+1 . gk+1—j
(n+q% —b;)
= H qu] )RR ZEA%H Z0); Pry s Prga)).
j=1 P1ePs, P}C+1E'P;k+1 =
Thus the Lemma is proven. O

Now we are ready to prove Theorem 2.2.

Proof of Theorem 2.2. We want to apply our results on higher correlation in Proposition 3.1 to-
gether with the generalized Weyl inequality of Lemma 3.7. For the case that we have the expetional
setting described in case 1 of Proposition 3.1. In the following section we will consider the resulting
sums in the proof of Theorem 2.3.

Before we start we write for short (h € Kso[Y])

(4.2) Su(h)=3"E (h(Zz) +3° ﬁ?mz@)) ,
i=1" "

£=0

By hypotheses there exists an 1 <i <r and H € sz with |®; x(H,d;)| < 1.
Let d = [];_, d; be the product of the degrees of the @;. Then set

| logn
- |2dlogq |’

Let a and b be positive integers such that n = ag® + b and 0 < b < ¢°. We set

T RZ
(43) P(A) = h(A) + 3" T fi(A)
i=1 """
Then an application of Lemma 4.1 with s; = --- = s = s yields

n—1

15,2 < M S 3 B(Ak(p(Z0):P))

PePk £=0
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We have to consider the k-th difference operator of ¢. By linearity of the difference operator and
(4.3) we get

E(Ar(p(Ze); P)) = (Ak(h(zé)) + Ay (Z v Ze))))

:E(k!akpl'upk)gk(Zg,P).
Thus
K (n4g®—b)* 1 =
1S, ()] g(q— S > ERarPr P gr(Ze P
£=0

PePs PrePs

Taking the modulus and shifting to the innermost sum yields

1S, (W) < M ooy

P EPs PLEPs

n—1

ng Zy; P

We apply Cauchy’s inequality to get the modulus squared

gk+1 (n + q — b)szrl s
|Sn(h)| < qks Z Z ng(Zg;P)
PePs PrLePs | £=0
s_p 2k+1_2o
:(n—l-q qks) Ur(s,...,sn).

Finally we apply Lemma 3.7 to estimate Wy (s,...,s;n). Thus

ok+1_o 2
k+1 n logn 1-— |(I)Z-k(H;di)| _1
n h 2 - ;
|Sn(h)] < o (exp( {QIquJ dq® +n"z

and therefore

[SE

Sn(h) < pl=27 "y n nl_Tk*l(%),

where

ko1 —|®; x(H;dy)|
—24 7 .
y=2+5+ e

5. UNIFORM DISTRIBUTION

In this section we want to apply Theorem 2.2 in order to show that sequences of the form
{h(Wy)}e>o with h € K [Y] a polynomial are uniformly distributed. Therefore we begin with a
definition of uniform distribution in .,. For a general concept of uniform distribution one may
consider Kuipers and Niederreiter [12] or Drmota and Tichy [7] for a complete survey on that
topic. In this paper we mainly follow Carlitz [3] and Dijksma [4, 5]. Further investigations on that
topic have been done by Car [2] (for k-th roots) and Webb [14] (for an integral form of uniform
distribution).

Let 6 = {4;};>1 be a sequence of elements in Koo. By Ni(N,3) we denote the number of
elements A; with 1 <¢ < N and deg(A; — 8) < —k. Thus

Ni(N, B) :=#{1 <i < N : deg(A; — ) < —k}.
Then we call 6 uniformly distributed (according to Carlitz) in K if
1 —k
(5.1) Jim N (N, B) =g

for all positive integers k and all 8 € K,
We are mainly interested in the distribution of the sequences Z; and W; defined in Section 2.
First we state the Weyl Criterion for uniformly distributed sequences in Ky
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Lemma 5.1 ([3, Theorem 3]). The sequence § = {a;}i>1 of elements of Ko is uniformly dis-
tributed in Koo if and only if

1
e =0
for all0# H € R.

Furthermore we need a relation between the number of W, < A and the number of Z, < A.
Therefore we define the set

J :={(f1(A) mod My,..., fr(A) mod M,): A€ R}

of all possible congruence classes. Then we expect that the A € R are uniformly distributed
among these classes. Thus we want to show the following.

Proposition 5.2. For every R € Pp,, X -+ X Py, we have

1 1
lim —[{A< Z,_1: f1i(A) = J, mod My,..., f-(A) = J, mod M, }| = 7
n—oo n,
This is a slight generalization of [6, Theorem 1]. The proof, however, is almost the same and
we omit it.
Before we state proof of Theorem 2.3 we need a lemma which provides us with a tool to rewrite
a sum over Wy into one over Z;. Recall that ny,ns,... are the quantities defined in (2.7).

Lemma 5.3. Let m be a positive integer and ¢ : R — Koo be a function. Then forng_1 < m < ng
there exists a positive integer n such that n < ¢° and

E(p =S ZE( (Zs) +ZM (fi(Ze) - J)).

£=0 R1€Pm,  Rp€Pm, (=0

m—1

Furthermore

n
5.2 ~

and if m = ng then n = ¢°.

Proof. The trick we use to rewrite this sum goes back to Gelfond [8]. We set

=z_: ( ZZ+ZM2 )

From this we get for a positive mteger m

DS E( Rj\}ﬁ)Hn(@,R)

Ry Epml R, E'Pmr

Il
M
M
M|

/\
Mﬁ
)=

?"
NN

&

C/
=
5
N

Finally we are left with estimating m. An application of Proposition 5.2 gives (5.2). Whereas
the assertion that if m = n, then n = ¢° is trivial. Thus the lemma is proved. O

In order to proof Theorem 2.3 for the case that gx(A;H) = 1 for all H € R* and A € R we
need a Lemma due to Dijksma [4].

Lemma 5.4 ([4, Theorem 2.5]). Let h(Y) € Kx[Y] be a polynomial of degree k with 0 < k < p =
charF,. Then the sequence {f(Z¢)}e>0 is uniformly distributed (mod 1) in Ko if and only if the
polynomial h(Y') — h(0) has at least one irrational coefficient.
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After these preparations it is quite easy to show Theorem 2.3.

Proof of Theorem 2.3. We want to use Weyl’s Criterion (Lemma 5.1) in order to show uniform
distribution. Thus we have to show

for every 0 # H € R.
To this end we fix an H € R and set h(Y) := H h(Y). Furthermore we set

m—1

E
=1

First we apply Lemma 5.3 to rewrite the sum. Thus
SP ORI 31D W CEARD SEATIEARER ]
R1€EPp,  RrEPm, =0

We distinguish between the possible cases for gr o(A) for every R € Py, x -+ X Pp,,.. We set
G1 :=Pm; X - X Pp. \ G where G is defined in (3.4). Thus we get

Sm(H) - SO +Slv

(5.3) SO:RZegE< 21J>ZE( )
(5.4) ZZE( (Ze) +ZM (fi(Ze) - J)).

ReGy =0

We consider the sums separately and start with Sy. We distinguish two cases according to
whether G # {0} or G = {0}. If G # {0}, then we get

ZE(Z}?@J) =0

Reg
and therefore Sy = 0. On the other hand if G = {0} we have to consider the sum

So = SE (E(Z@)) .
=0

By hypotheses we have that at least one coefficient of h(Y’) — h(0) is irrational. The same holds
true for A(Y) — h(0). An application of Lemma 5.4 yields So = o(n) = o(m). Thus we get

S = {o(m) if |G| =1,

0 otherwise.

For S7 we apply Theorem 2.2 and get that

ZE< (Z0) +ZM (filZe) - J>> <l (),

Finally we use (5.2) to get

ke —k—1(k+5
Sy <m 2 T (),

As H was arbitrary we get together with Lemma 5.1 that the sequence is uniformly distributed.
O
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