THE SUMMATORY FUNCTION OF ¢-ADDITIVE FUNCTIONS ON
PSEUDO-POLYNOMIAL SEQUENCES

MANFRED G. MADRITSCH

RESUME. The present paper deals with the summatory function of functions acting on the
digits of an g-ary expansion. In particular let n be a positive integer, then we call

¢
n= Zd,«(n)qr with dr(n) € {0,...,¢—1}

its g-ary expansion. We call a function f strictly g-additive, if for a given value, it acts only
on the digits of its representation, i.e.,

Let p(z) = oz + -+ + agzrP® with ao,a1,...,04, € R, g >0, fo > --- > Ba > 1 and at
least one 3; ¢ Z. Then we call p a pseudo-polynomial.
The goal is to prove that for a g-additive function f there exists an € > 0 such that

Y f(lp(n)]) = usNlog,(p(N)) + NFy.g, (log,(p(N))) + O (N'79) ,

where py is the mean of the values of f and Fy g, is a 1-periodic nowhere differentiable
function.
This result is motivated by results of Nakai and Shiokawa and Peter.

1. INTRODUCTION
Let ¢ > 2 be an integer. Then we can represent every positive integer n in a unique way as

14

(1.1) n=>Y d(n)q" with d.(n)€{0,...,q—1}.
r=0

We call this the g-ary representation of n with ¢ the base and {0,...,q— 1} the set of digits.
If a function f acts only on the digits of a representation, i.e.,
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where n is as in ((1.1)), then we call it g-additive. If this action of f is independent of the
position of the digit, i.e.,

then we call f strictly g-additive. In the following we will concentrate on this type of functions.
A simple example of a strictly g-additive function is the sum-of-digits function s, which is
defined by

Sq(n) = Z dT(n)v

r>0

where n is again as in . Strictly g-additive functions have been investigated from several
points of view. In the present paper we want to concentrate on arithmetical properties and,
in particular, on the summatory function of f on pseudo-polynomial values.

Before we present the result we want to give an overview on what is known for the sum-
matory function in connection with the sum-of-digits function. One of the first results in that
direction is due to Delange [I] who was able to show

—1
> s4(n) = T5—Nlog, N + NF (log, N)
n<N

where log, is the logarithm to base ¢ and F' is a 1-periodic, continuous and nowhere differen-
tiable function. Remarkable about this result is the lack of an error term.

The moments of the sum-of-digits function were considered by Kirschenhofer [8] and by
Grabner et al. [6]. All the methods used in this paper are based on Fourier analysis and in
particular on the estimation of exponential sums. For different methods originating from the
analysis of algorithms such as Mellin’s formula elegant proofs have been shown by Flajolet et
al. [2] and Grabner and Hwang [5]. Generalizations to number systems in number fields were
done by Thuswaldner [15] and Gittenberger and Thuswaldner [4].

Apart from the sequence of the positive integers others like the primes or the integer values
of polynomials are of interest. For the case of primes the summatory function of the sum-of-
digits function was investigated by Shiokawa [14] whereas Mauduit and Rivat considered the
distribution in residue classes. They also investigated the uniform distribution modulo 1 of
(asq(|nc])),s; (with « an irrational and [-] the floor function) with 1 < ¢ < I in [I0], and
with ¢ = 2 in [I1]. The distribution for the case ¢ = 1 goes back to Gelfond [3].

Similar ideas are needed in order to construct a normal number one is also interested in the
distribution of the digits in an expansion. A normal number x € R is, informally speaking,
a number in whose digital expansion every block of length k£ occurs asymptotically equally
often. In a paper by Nakai and Shiokawa [12] they constructed such a normal number by
concatenating the integer part of a pseudo-polynomial sequence, i.e. a sequence (|p(n)])n>1
where

(1.2) p(zr) = Oéoxﬁ0 + ozlacﬁl +-- 4+ adxﬁd

with ag, 80, ..., 4,84 € R, ag > 0, Bg > P1 > --- > Bg > 1 and at least one §; € Z. Since
we will often use 5y we will set 8 := [y for short. Nakai and Shiokawa gained the following
result as a corollary.
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Theorem ([I2, Corollary 2]). Let p be as in (1.9). Then

™ syllp(n))) = L5 N log, p(N) + O(N)
n<N

where log, denotes the logarithm to base q.
Now we draw our attention towards a recent result by Peter [I3] who considered polynomial

sequences of the form (Loka )n>1 where « is one or an irrational of finite type. In particular
he could show the following.

Theorem ([13, Theorem|). Let ¢,k > 2 be integers, and « = 1 or o > 0 an irrational of
finite type. There are ¢ € R and € > 0 such that

q—1 _
3 syl LankJ) = L= Nlog,(aN*) + cN + NF (logq(aNk)) +O(N'9),
n<N
with N > 1 and log, the logarithm to base q.
Our aim is now to combine the last two results and to generalize them to arbitrary g¢-
additive functions instead of the sum-of-digits function.
In order to state the result in a more convenient way we need some definitions. For x €
R we denote by |[z] the floor function and by {z} := z — |[z] the fractional part of z,

respectively. Furthermore we denote by ||z| the distance of = to the nearest integer, i.e.,
|lz|| := min({x},1 — {z}). Let ¢ be the centralized fraction function defined by

(13) Y =z o) 5 ={}— 5.

Moreover, we define

q—1
ppi=>_ fla)
a=0
471 a a 1
(1.4) s 5(x) ::/0 azz;)f(a) <¢ (t - ;1> — <t— q)) t57'dt, >0, g¢€N, and

1 ,4_ _n n—
Fjg(t) = w(l—{tmgq(l BN g5 Tpa(" D), teR.
n>0

Now we are able to state our result.

Theorem 1.1. Let g > 2 be an integer and f be a strictly q-additive function with f(0) = 0.
If p is a pseudo-polynomial as defined in , then there exists € > 0 such that

L5) S0 F(Ip)]) = 1N log,(p(N)) + NEy s (log, (p(N))) + O (N~%)
n<N

Remark 1.1. We can show a similar result if f is g-additive but not necessarily strictly g-
additive. In this more general setting one has to keep track of the position of a digit in the
g-ary expansion throughout the whole proof. This leads to a more delicate periodic function
Fy 5 which then depends on the integer value of log,(p(V)) (i.e., the position) too.
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The idea of proof is to consider each digit of an expansion according to its position within its
expansion. Then we will distinguish two ranges for the position which are treated in Sections
2] and [3] separately. In particular, we consider sums of the form

(16) U= 3 w(HH-2).

N<n<2N q

where a € {0,...,q — 1} (the digit) and r (the position) lies in

(1.7) 1<q ™ <Nl and

(1.8) NP1 < g™t < p(2N),

respectively. Finally in Section [4] we apply those estimates in order prove Theorem

2. EXPONENTIAL SUMS

This section focuses on the estimation of (1.6 for » such that ((1.7)) holds. These estimates
will provide us with the error term. In particular, we will show the following.

Proposition 2.1. Let N be positive and r be an integer such that holds. Then there
exists o1 > 0 such that

(2.1) Ura(N) < N1

We will first use an idea of Vinogradov in order to calculate the Fourier transformation of
1 and thus to get some exponential sums which are easier to treat. Therefore we write for
short e(z) := exp(2miz). The following lemma will provide us with the Fourier transformation
of Uy q.

Lemma 2.1 ([9, Theorem 1.8]). Let g(t) be a real function in [a,b]. Then for § > 0 the
estimation

> wleln) < bg“+2_;min (53)| X ctvato)

a<n<b a<n<b

holds.

The exponential sums arising in Lemma [2.1] are very similar to those in Nakai and Shio-
kawa [12]. Thus we will use their lemma for estimation.

Lemma 2.2 ([I2, Lemma 6]). Let k, P and N be integers such that k > 2,2 < N < P. Let
g(x) be real and have continuous derivatives up to the (k + 1)th order in [P+ 1, P + N]; let
0<A<1/(2¢0(k+1)) and

(k+1)
A< I (@)

(k+1)
or the same for —g*+t1(z), and let

N—k—1+5 S A S N—l

< oA (P—I—lSLESP—I—N),

with 0 < d < k. Then
P4+N

> elg(n) < N,

n=P+1
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where

e
=7

16(k + )L’ L:1+uk(k+1)+kRJ, R:1+rog(§’f(k+1)2)J

—log (1 - )

If 5 (the highest exponent) is an integer we need some more delicate tools. In particular,
we need three lemmas. The first two will be useful in the adoption of Lemma

Lemma 2.3 ([10, Lemma 6.11]). Let M and N be integers, N > 1, and let ¢(n) be a real
function of n, defined for M <n < M + N — 1, such that

d<op(n+1)—d(n)<cd (M<n<M+N-2),
where § >0, ¢>1,c¢6 < . Let W > 1, then the number of values of n for which ||¢(n)|| < W4

is less than
(Ned+1)(2W +1).

We also state the Vinogradov integral, which will provide us with the desired estimate for
the case of 5 being an integer. Let d and m be positive integers. We set

m
S(m) = e(tin +tan® + - + tgn),
n=1
where t1,...,tq are reals. Then for an integer L we set

1 1
J(m,L) = / > / 1S(m)*F dty - - - dig.
0 0
Now we can state the estimate of the Vinogradov integral.

Lemma 2.4 ([I6, Lemma 6.9)). If R is any non-negative integer and L > 1d(d + 1) + dR,
then

J(m, L) < K% (log m)Bm2E—2dd+D+3dd+)(1-(1/d)"
where K = 482L(L!)2de%d(d—1),
The last lemma deals with a variation of Lemma 2.2] for twice differentiable functions.

Lemma 2.5 ([7, Corollary 8.12]). Let f(z) be a real function on [a,b], twice differentiable,
and let f"(x) > X\ > 0 throughout the interval (a,b). Then

D e(f(n) < (£1(b) = f'(a) + DA 2.
a<n<b

What is left is the keystone in the proof of Proposition In particular, in the proof we
will have to estimate exponential sums in a uniform way, which is provided by the following
lemma.

)

N

Lemma 2.6. Let N be a positive real and p is a pseudo-polynomial as in with d > 1.
If v and r are such that

2 3
hold then there exists an n > 0 such that for 1 <v < N7 we have

s = X o) «nt

N<n<2N

(2.2) 0 <7y < min <B_61 > and 1< g+t < NPT
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Démonstration. In order to properly estimate S(N,r, ) we divide the proof up into two cases,
according to whether 8 € Z or 8 € Z.
~ Case 1 : § is not an integer. We put k := | 3] +2 and g(x) := vq~"+tVp(z). The idea
is an application of Lemma Therefore we take a closer look at the (k+1)st derivative
of g. Since

o0 @) ~ Lra0B(B = 1)+ (8 = b)a?

we can bound it by

(k+1)
g ()
PR ——— A (N < 2N
< ] <cA (N <z <2N)
or similarly for —g(k+1)(x), where
_ .V Akl
A= qu+1 N

and ¢ depends only on p.
Let § := logy ¢, then for N — oo we get that § — 0. We may assume that N is
sufficiently large such that —1 < ¢ < % Thus with help of 1} for r we get that

N*k*l < N(;fk < A < N5+‘/+B*k*1 < Nfl’
Finally an application of Lemma [2.2] yields
(2.3) S(N,r,v) < N1

for n > 0 and we have shown the lemma for the case of 5 & Z.

— Case 2 : (§ is an integer. In order to ease notation we set b := 3 in this case. Since
p is not a polynomial we get that there exists a 8, & Z. Let 85 be the largest non-
integer, thus, in particular b, f81,...,8,-1 € Z. Since B}, ¢ Z we obviously have h > 1.
Furthermore since b € Z and b > 5 > 1 we have b > 2 throughout this case.

Let p be such that v < p < min(8), — 27, 1). We divide the range of r up into three
parts. In particular we distinguish between

q'r+1 < Nﬁh_P’ NBr—=P < qr+1 < Nb—2+p’ Nb—2+p < qr+1 < NP1

Since we might have b — 85 < 2(1 — p) we note that the middle part can be empty. We
will start with the lower and upper part since the treatment of the middle part is the
longest one.
x Case 2.1 : ¢"t! < NP»=P, As in the case of 8 ¢ Z we want to apply Lemma
We set g(x) := vg~"*tYp(z) and since b, . .., Bj,_1 € Z we get
g(b+1)(x)

_— N < 2N
A< GE1) <coA (N <z <2N)

or the same for —g(®+1) (), where

v
_ Br—b—1
A= N

and c again only depends on p. We again set ¢ := logy ¢ and as in Case 1 assume
that N is large enough such that —p < § < (b — B1,)/2. Since ¢"*! < NP»=F and
7 < (b= B1)/2 < (b~ By)/2 we get that

N—b—l < N5+p—b—1 <A< N(5+’Y+/3h—b—1 < N_l.
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Thus an application of Lemma [2.2] yields
(2.4) S(N,r,v) < N

x Case 2.2 : Nb—2tr < q’"+1 < N®1, Since b > 2 we have
v

qub—? = A>0 (N <n<2N).

g"(n) >c

We apply Lemma [2.5|in order to get
(2.5) S(N,r,v) < | 3 N3 < N300,
q

x Case 2.3 : Nfn=r < g7+l < Nb=2+¢_ In this case we follow the proof of Theorem
in [12] (¢f. Equation (12) and the following pages), which is an adoption of the proof
of Lemma 6.12 of [16]. We set

1
r+1\ 5= _
(2.6) m = \‘<q ) 1J < N5t
v

Furthermore let

T(n):=» e(p(n+k) —p(n)).
k=1

Then, following Equation (6.12.4) of [16], we get

L 1-1/¢en) oL
(2.7) |S(N,rv)| < EN E |T(n)| +m.
N<n<2N-—-m

For 1 <y < m we set

14 _ v
A(y) == F(p(n +y) —p(n)) — <t1y Floy? 4ty s, aoyb> :

Thus
(2.8) T(n) = S(m)e(A(m)) — 2mi /Om S(y)A (y)e(Ay))dy,
where
/ — v p™ (n) h—1 v (b) 1\, b
A'(y) thlh RS —tn | YT+ s} (p (n+9y)—aob->y :
with 0 < 0 < 1.

For every n and t = (t1,...,t,—1) € R"" we define x(n, t) to be
. (") (n) 1 B
vty = H%_thu < g (R=1,2,...,0-1),
0 else.

Now for fixed n, if we assume that x(n,t) = 1 for t € R*~!, then we have by the
definition of m in (2.6)) that

1 v 1 1
Ay) < — + - NIl — 4 NO b =
m q m m
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which implies for T'(n) that

T(n) < S(m) + % /0 " 18() dy.

Thus we get for (2.8) that

29 > TP <m Y sp o 3 x(nb)

N<n<2N—m teRP! N<n<2N-—-m

/0/0 (|s<m>|+;/Om|s<y>rdy)2Ldt1--~dtb_1.

An application of Lemma [2.4] yields for the integral

/01"'/1 (|S(m)|+1/m|S(y)|dy>2Ldt1...dtd
(2.10) < 92L- 1/ / <|5 2L+ m/ 2Ldy> Gty

<m 2L—$b(b—1)+5b(b—1)(1— 1/b)R(logm)

Now we want to estimate the supremum by applying Lemma |2.3| with

14

o) = g e

Then ¢(n+1)—¢(n) = mp( )(n+0) ~ agb 5, so that 0 < ¢(n+1) —¢(n) <
¢d < 1, where § = %aob# and ¢ = 2. If we set W = 1/(20mb~1), then an
application of Lemma [2.3] gives

s Y X t)<<<NV b+1>< ! qr+1+1)<<NV +1
up X\n, —1 &0 o ey :
bR g S g1 mb—1 by g1

Plugging this together with (2.10)) into (2.9) and then into (2.7) yields
(2.11) S(N,r,v) < S1(N,r,v)+m

where

S1(N.r,v) = N1- % (m;b(b—l)u_l/(b_l))R <V+1N + 1)) .
q'f

with L and R any positive integers.
Now we again split the range up into two parts and consider all r such that

No=P <« g1 < N and N < ¢t < N072Hr

separately. We note that the lower range might be empty.
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If ¢"t1 < N, then clearly vg~"*UN > 1 and we can estimate Si(N,r,v) by
1

S1(N,r,v) < N2z <qé(r+1)b(1—1/(b—1))3’11N> "
qT'

< Nq—(r+1)(1—%b(l—l/(b—l))R)/QLyﬁ
< N1=Bn=p)(1=5b(1=1/(6=1))%)/2L pr5}
< N3+t

where we have chosen R to be sufficiently large, such that b(1 —1/(b—1))% < 1.
Secondly we consider the case ¢"** > N. Then we have that vg~ "YU N < v and
S1(N,r,v) can be estimated by

S1(N,r,v) < N1=35papt0-D(A=1/=1)" 3¢
< Nl—ﬁ—&-%q%b(l—l/(b—l))R
< Nl—1;—L”+ﬁ(b—2+p)(1—1/(b—1))R

1—

< N'=%5+iz

where we have taken R to be sufficiently large, such that b(b—2+p)(1—1/(b—1))F <

1.
Combining these estimates in (2.11]) and using the estimate for m in (2.6 we reach
at
By —p—2 - 1—
(2.12) S(N,r,v) < N*="5— ¢ NI 4 NV

Noting that v < p < min(f8, — 2v,1) together with the restrictions for v in (2.2)), the

estimates ([2.4)), (2.5) and (2.12)) prove the lemma for the case § € Z.
O

Now we have to consider the case that p(t) = aot?, i.e. d = 0.

Corollary 2.1. Let N be a positive real and p(t) = aot® with 1 < 3 € Z. If v and r are such
that

(2.13) 0<~y<{B} and 1<q*<NP!
hold then there exists an n > 0 such that for 1 <v < N7 we have

S(Norv)= > e (Vq}i(ﬁ)) < N,

N<n<2N

Démonstration. Following the proof of Lemma [2.6] and in particular the case where § & Z.
Setting k and § as there we reach at

N(S—k <A< N5+’Y+,B—k‘—1 < N—l
for sufficiently large V. Thus again an application of Lemma [2.2] proves the corollary. ([l

Now we combine our tools in order to estimate U, , for r such that (1.7]) holds.
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Proof of Proposition[2.1 Let ¢ > 0, which we will choose later. Then an application of
Lemma [2.1] yields

N7 o'}
p(n) a _ 1 1
U= ¥ v (DR -0) « N S LS 487 3 SISl
N<n<2N v=1 v=N°+1

The next step is an application of Lemma [2.6] or Corollary depending on the shape of
p. Therefore we set v > 0 such that (2.2]) or (2.13]) hold, respectively, and get by trivially
estimating S(N,r,v) in the last term, that

N 00
1 1
1— 1—(n— 1—(n— 1+
Ura(N) < N'77 4 N1Z070) 4 NIZ0me) % 7 S N S 0
v=No+1 v=N7+1
< N7 4 NP4 N0,
Now the proposition follows by setting o1 = o := min (n,7/2). 0

3. INTEGRAL TRANSFORM

The aim of this section is to transform the sum U, , into an integral I, ,(N') which is defined
by

g~ " 'p(2N) a\ 1,
(3.1) I o(N) = / Y <t — ) t8dt.
q~""1p(N) q
In particular we will show the following.

Proposition 3.1. Let N be positive and r be such that @ holds. Then there exists an
o9 > 0 such that

1 — r+1

an q 7 Io(N)+ O (N'"72).

The main tool will be the following Lemma.

W=

(3.2) Ura(N) =

Lemma 3.1 ([9, Theorem 1.5]). Let g in [a,b] (0 < a < b) be a non-negative, strictly decrea-
sing function with a continuous derivative in (a,b). If g~'(t) denotes the inverse function of
g(t), then

b
S wlen) - / b(t)g (B)dt — p(a)d(g(a))

a<n<b

= “1(m)) — g(a)ﬂ -
_9<b><%g(a)w(g ) /g<b) PIrIO ()Y (g(b)).

The interesting integral is the last one. For the first integral we will use partial integration
and the sum is treated by the following lemma.

Lemma 3.2 ([0, Theorem 2.3]). Let g(t) be a real function in [a,b], twice continuously diffe-
rentiable. Let ¢"(t) be monotonic and be either positive or negative throughout. Then

Zw(g(n))<</b\g”(t>\;’dt+ L
S ‘ Vig@l Vi o1
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Now we have collected all the tools for the proof of the proposition.

Proof of Proposition[3.1 In order to apply Lemma we need that the function under consi-
deration is monotonically decreasing. We guarantee this by rewriting the sum in (3.2]) and
applying Lemma [3.1], which yields

E (B

N<n<2N q 0<n<N

——— 1/ ()P (|2N ]| — t)dt
(3.3) N B Z B ¢<L2Nj—p_1 (q”‘l (m+z>>)

g 1p([2N |~ N)— & <m<q~7—1p(|2N])~ 2

— ¢ " !p(|2N]) (2 (t - *) at 1+ O(1).
.y o(en)
e p(l2N]-N) P'(p~H(g" 1))

We will write =< if both <« and > hold. Since p is a pseudo-polynomial we can write
p(t) = apt? + O(t5), where we set 51 = 0 if d = 0 (i.e., p(t) = apt®). This yields for the
inverse of p

1

t \B B1+1
(3.4) pi(t) = <> +0 <t 5 1) .
o)
Implicitly calculating the derivatives gives
—1\/ 1 1 —% 1_1 ( 51+12>
Y ()= —— =t Ot B ,
s vV O= ) ~ A%
iy PIeTN) B 1
(P) () == s =~ %t
@ (r~'(1))) 8
Now we define 9 (z fo t)dt for x € R and consider the three parts of ({ separa-

tely. It is clear, that wl( ) is contlnuous bounded and piecewise continuously dlﬂ'erentlable
Integration by parts for the first integral in (3.3|) yields the estimate

N
(3.6) / B(OP(12N] — t)dt = v () (28] — DY + /0 GrL(Dp" (12N — 1)t < NP,

In order to estimate the sum we define g(t) := [2N| — p~1(¢" (¢t + 7)) for t > 0. For the
range ¢ " !p(|2N] — N) — g <t< ¢ " p(|2N]) — - we have ¢ =< ¢ ""'N? and thus by
(3-5)

’gl/(t)‘ - q(r+1)/ﬂt1/6—2 - q2(r+l)N1—2,8.

Then an application of Lemma together with noting the bounds for ¢"*! in this range
(1.8) yield for the sum in (3.3]) that
(3.7)

> P(g(m)) < g CTVBNEDSE 4 g=r-ING=3 < N
q " Ip([2N]-N)—g<m=<q " 'p(|2N])—%
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Now we aim for the main term which we extract from the second integral of (3.3)). Noting
that ¢ (t) < 1 we get with (3.5) that

g " 'p([2N)) P (t - *)
r+1
q / r+1 dt
“ip(l2N]-N) P (P~ (g 1))

g~ "~ 'p(12N]) 1 -1
r-i-l/ o) w (t _ Z) (Bao B<qr+1t)%—l +0 ((qr-i-lt) 3

q—r

77 1

1 p(12N]) 1

’3 / W (t - a) 5L dt

q p([2N]—N) q
3.8 q~ " 'p([2N])
o[ g
g " 'p([2N]-N) q

_1 q " p(N) ¢ " p(|2N))
= lozo ﬂq%l I o(N) + / +/ Y <t - a) 5l
B g 1p(|2N]-N)  Jqr=1p2N) q
_l’_
1

™ \

(@] (max(NﬁlH*ﬁ, log N))

= 5% 07 La(N)+ O (1) +0 (max(Nﬁlﬂ—ﬁ, log N)>

Plugging (3.6), (3.7) and (3.8) into (3.3 proves the proposition with oo = min (81 +1 — 3, %)
(|

4. PROOF OF THEOREM [L.1]

In the sections above we have collected all the tools we need along the road we will follow
in order to proof Theorem We split the sum in (1.5 up into dyadic parts

(4.1) Do)=Y ST +0(1),
n<x 1<i<logy x
where
(4.2) S(N) == > f(lp(n))
N<n<2N

The proof proceeds in three steps.

(1) In the first one, we use the g-additivity of f in order to count the occurrences of every
digit separately. Therefore we will sum over all positions and exchange the order of
summation. As we will see, the resulting sums will be our well known U, ,. Thus we
will apply our estimates from Section [2] and

(2) Then we will give the integral resulting from the transformation in Sectionthe shape
of a periodic function such as in the results of Delange [I] and Peter [13].

(3) Finally we will put all together in order to gain the desired result.
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4.1. Rewriting the sum. The idea is to use the g-additivity of f and exchange the sum
over n with the sum over the digits. Therefore we need a function which indicates if the digit
at position r is a or not. The main idea is to extract the main term and write the rest as sum
of v functions, i.e.

1 x a+1 x a 1 ifd.(x) = a,
4.3 Tralz) = - S Y L
“43) <2) q+w(q’“+1 q ) w(tf“ Q> {0 clse.

We define R(N) to be the length of the expansion of p(N), i.e.
(4.4) R(N) := log,(p(N)).
Since p is a pseudo-polynomial this will provide us With upper bounds for the maximum

length of an expansion. Using the representations (4.3|) and . together with (| in
we get

- Y Y S

N<n<2N 0<r<R(2N) a=0

LN RN 0+ (S0 S U — 0 | + 000,

0<r<R(2N)

The terms U, , occurring in are treated in Section I 2( and Section I Thus applying
Proposition and B u and settmg o = min(oy,09) we gain

S(N) = jpN ([R2N)| +1) + O (N'=)

b5t Y S@ Y P e ()~ La(V)
(46) a=0 0<r<R(2N)
1l
— 5ot A Y g e () = L),

4.2. Extraction of the periodic function. The goal of this intermediate section is the
transformation of the integral I, , to give the result the shape as in the results of Delange [1]
and Peter [13].

Since we will often use the functions Jy g and Fy g defined in , we will write J := J; g
and F':= I g for short. Then noting the definition of J together with partial integration as

used in we get
q—1 z L
47 J) = L;f(a)/o (w (t— “;“ 1) ) (t -~ Z>> t5ldt <1 (z>0).
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Now we concentrate on the first sum over the r of the I, , in (4.6]). By noting the definition
of J in (|1.4) we get that

1 a1
500" Y @) s (V) = ()
r<R(2N) a=0
(4.8) 1 -5 1 1 1 1
= g% > qmIPI(g N = Y TR ()
TSR(QN) T‘SR(QN)
— S (N) = Ss(N), N >1.

Since p(t) = agt? + O(tP1), where we may set £, = 0 if p(t) = aot?, and J(z) < 1 by (4.7)
we get on the one hand

=

1 -1
$1(N) = Zag > AN (g REN S 2N))

r<R(2N)
11 B N
:E% Bp(QN)Bq(l {rREN)}/B Z q BJ(q{R(ZN)H— D)
r<R(2N)
(4.9) _ LongO-trREMN/8 S iy so (N Y g
p r<R(2N) < RN

= ;2Nq(1—{R(2N)})/B (Zq ﬁJ( {REN)}r-1y +O( Z . 2)) o)

r>0 r>R(2N)
— 2NF(R(2N)) — u2N(1 — {R(2N)}) + O(1).

On the other hand for S3(IV) we get

(4.10) Sy(N) = S <N> + 1a0 s > 7 J(a T p(N)).

2 2 R(N)<r<R(2N)

For the second sum we have that R(N) < r < R(2N), which implies ¢~""1p(N) < é. Thus
connecting the representations in (4.3 and (|1.4) we gain for 0 < z < %

xq 1 1 1
(4.11) / < o(t) = ;) 77 dt = —pgBas .

Now plugging and into 1} yields
(412)  S(N) = NF(R(N)) — psN(L = {R(N)}) — s N([R(2N)| — [R(N)]) + O(1).

Finally we consider the second sum over I, in (4.6). We recall the definition of I, ,(N) in
(3.1). Then integration by parts yields for non-negative integers a and r and N > 1, that

La(N) < q(l—%) (r+1) \1-5.
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Thus we get
1 -1
(4.13) 3% > f@) > TP (e (N) - La(N)) < 1.
a=0 qTJrISNﬂfl

4.3. Putting all together. Plugging (4.9), (4.12) and (4.13) into (4.6)) yields
(4.14)  S(N) = pg2N R(2N) — s N R(N) + 2NF(R(2N)) — NF(R(N)) + O (N'79) .
Plugging this into (4.1)) and summing up over N = 2%z for 1 < i < log, x yields

Y )= Y S22 +0)

n<x 1<i<logy

= pyrlog,(p(x)) + Frp (logq(p(x))) + O (l‘l_a)
for an € > 0, which proves the theorem.
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