ASYMPTOTIC NORMALITY OF (»-ADDITIVE FUNCTIONS ON
POLYNOMIAL SEQUENCES IN NUMBER SYSTEMS

MANFRED G. MADRITSCH

ABSTRACT. We consider b-additive functions f where b is an algebraic integer over Z. In partic-
ular, let p be a polynomial, then we show that the asymptotic distribution of f(|p(z)]), where
|-] denotes the integer part with respect to basis b, when z runs through the elements of the ring
Z[b] is the normal law. This is a generalization of results of Bassily and Kétai (for the integer
case) and of Gittenberger and Thuswaldner (for the Gaussian integers).

1. INTRODUCTION

The objective of this paper is the consideration of additive functions in number systems. We
start with a simple example of a g-additive function: Let s; denote the sum-of-digits function in
base g, where ¢ is a positive integer. This function has been studied by several authors and we
want to mention Delange [5]. He computed the average of the sum-of-digits function, i.e.,

3 sy(m) = T hog, (N) + a (log, (V).
n<N

where log, denotes the logarithm in base ¢ and 71 is a continuous function of period 1.
A canonical question is the distribution into residue classes of the sum-of-digits functions, i.e.,
considerations of the majority of sets of the form

Srm(N)={n <N :s4(n)=rmodm}.
In this field Mauduit and Sérk6zy [25] were able to show the following.
Theorem. Let A, B C {1,...,N} with N € N. Then the estimate

#lah) € AxBiarbes,en) - EIE) - ovgasnh

holds, where 0 < 1 and the implied O-constant is absolute.

An extension of the results above to general g-additive functions was given by Bassily and
Katai [3]. Recall that a function f is said to be g-additive if it acts only on the ¢g-adic digits, i.e.,
f(0) =0 and

fn) =" flax(n)gd*) for n =7 ax(n)d",
£>0 k>0
where ay(n) € N :={0,...,q— 1} are the digits of the ¢g-adic expansion. Obviously, s, is a special
g-additive function.
The above mentioned distributional result by Bassily and Kétai [3] reads as follows.

Theorem. Let f be a q-additive function such that f(ag®) = O(1) as k — oo and a € N.
Furthermore let

1 1
Mk,q -= q Z flag®), iy = q Z F*(aq®) = mi.q,
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and
N N
My(x) = mpg, Di(x)=> op,
k=0 k=0

with N = [log, x]. Assume that Dy(z)/(logz)'/* — 0o as @ — oo and let p(z) be a polynomial
with integer coefficients, degree d and positive leading term. Then, as T — o0,

Ly [ <ol L0000 M) ) ay)

x (z?)
where ® is the normal distribution function.

The aim of this paper is to further generalize these results. Nevertheless we want to mention
also results concerning number systems related to substitution automaton, which were considered
by Dumont and Thomas [9]. For distribution results of additive functions defined over number
systems based on linear recurrences we refer the reader to Drmota and Gajdosik [6]. Relations
between number systems such as canonical number systems and shift radix systems are considered
by Akiyama et al. in [I].

In this paper we focus on generalizations of number systems to rings in algebraic number fields.
Let K be an algebraic number field of degree n and denote by O its ring of integers. Furthermore
let N and Tr denote the norm and trace of an element of K over QQ, respectively.

Before we start with our considerations we need a definition of number systems in integral
domains (cf. [21]).

Definition 1.1. Let R be an integral domain, b € R, and N = {nq,...,n,»} C Z. Then we call
the pair (b, N) a number system in R if every g € R admits a unique and finite representation of
the form

(1.1) g=ao+ab+---+apd with a; e N for i=0,....,h

and ap, # 0 if h # 0. We call b the base and N the set of digits.
N =Ny ={0,1,...,m} for m > 1 then we call the pair (b,N') a canonical number system.

It has been shown by Kovédcs [20] that b is a base of a canonical number system in O if
{1,b,...,b" '} is an integral power base. Possible bases for different algebraic number fields have
been considered in a series of papers [2, [4, 16, 17, [18]].

When extending the number system to the complex plane one has to face effects such as
amenability, i.e., there exist two different expansions of one number. In fact, one can construct a
graph which characterizes all the amenable expansions. This has been done by Miiller et al. [27]
(with a direct approach) and by Scheicher and Thuswaldner [30] (consideration of the odometer).

Another view on number systems are normal numbers. These are numbers in which expansion
every possible block occurs asymptotically equally often. Constructions of such numbers have
been considered by Dumont et al. [§] and the author in [24] 23]

In this paper we mainly concentrate on additive functions. These are functions that act only on
the digits of an expansion. Thus we define additive functions in these number systems as follows.

Definition 1.2. Let (b, ') be a number system in a integral domain R. A function f is called
b-additive if f(0) =0 and for g € R

(1.2) f9) = flar(gth), for g=> ar(g)b® (ar(g) € N).

k>0 k>0

As indicated above the simplest version of an additive function is the sum-of-digits function s;
defined by
sp(g) = Zak(9)~
k>0
A first step towards generalization is the consideration of b-additive function in the field of Gaussian
rationals. First the result by Delange was extended to that field by Grabner et al. in [13].
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Theorem. Let (b,N') be a canonical number system in Z[i]. Then we have

Z sp(2) = M7rN logny N + N7z (logN(b) N) +0 (\/NlogN(b) N)

2
N(z)<N
2€L[1)]

where vo 18 a continuous function of period 1.

Also the result by Bassily and Katai was generalized to number systems in the Gaussian ratio-
nals. Gittenberger and Thuswaldner [I2] gained the following distribution result.

Theorem. Let (b,N) be a canonical number system in Z[i]. Let f be a b-additive function such
that f(cb*) = O(1) as k — oo and ¢ € N'. Furthermore let

1 1
Mgp = f Cbk)a 02 = fQ(Cbk) - m2 )
N(b) g/ ( k,b N(b) gf k,b
and
L
My(z) = ka,ln Dz?(x) = Z Jl%,b
k=0 k=0

with L = [logn ) 7). Assume that Dy(x)/(log x)Y/3 — 00 as x — oo and let p(x) be a polynomial
of degree d with coefficients in Z[i]. Then, as N — oo,

1
#{z € Z[i]|N(z) < N}

where ® is the normal distribution function and z runs over the Gaussian integers.

2)) — d
# {N(z) < N’ Jl ])D)b(N]\f)b(N ) < y} — @(y),

This build the base for further considerations of b-additive functions in canonical number sys-
tems in general. First the result of Delange was considered in arbitrary number fields by Thuswald-
ner [32]. Furthermore the moments of the sum-of-digits function in algebraic number fields were
considered by Gittenberger and Thuswaldner [I1].

Theorem. Let K be a number field of degree n and Ok its ring of integers. Furthermore, let b
be a base of a canonical number system. Then

d d-1
E (sp(2)) =c IN(@)| -1 Nlogk N+ NS log’ Nv;(1 N)
b =& B) O8|N(b)| E:Og\N(b)\ 7508 IN ()|
z€M(N) 7=0

n—1 d
+ O (N n loglN(b)I N) y
where M(N) is the set defined below in (2.4)), ¢y is a constant depending on K and b, and the ~;s

are continuous functions of period 1.

In the same vain the above mentioned result by Mauduit and Sarkozy was generalized to
arbitrary number fields by Thuswaldner [33]. Therefore we write

Urm(M(T)) ={z € M(T) : sp(z) = r mod m},
where M (T') is the set described below in (2.4]). Then his result reads as follows.

Theorem. Let K be a number field of degree n with ring of integers Og . Let b be the base of a
canonical number system in Ok and mp(xz) = 2™ + -+ - + byx + by the minimal polynomial of b. If
(mp(1),m) =1, then

CJAlBI|
m

#{(a,b) € Ax B:a+be U, (M(2T))} oM (1)’ (|A]1B])%)

holds for any two sets A, B C M(T). Furthermore § < 1 and the implied O-constant is absolute.
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Despite of these considerations of the sum-of-digits function and other b-additive functions,
we also want to mention Kdtai and Liardet [19], who could show a Delange type result for b-
multiplicative functions. Finally there has also been work on the generalization of Waring’s
Problem restricted to sets of the form U, ,, defined above. Here we want to mention Pethd
and Tichy [28] (counting the number of solutions for a S-unit equation) and Thuswaldner and
Tichy [34] (counting the number of solutions of Waring’s Problem with digital restrictions).

Since for a ring of integers to have a power integral basis is a quite strong assumption we want
to consider more general settings in this paper. It was shown by Kovdcs and Pethd [22] that there
are number systems in rings of the form Z[3] with § an algebraic integer. The main problem we
have to face is the different setting for these number systems. First of all this ring need not to
be the ring of integers, however, this we can circumvent by considering the ring in relation to the
integral closure of Q(3). Secondly the Weyl sums in algebraic number fields are motivated by
consideration of Waring’s Problem. In our case, however, the length of expansion depends on the
absolute value of the conjugates of the base. These may not be equal and therefore we have to
slightly modify the Weyl sums in order to meet our conditions. This will be established in Section
[3] where we develop a more general estimation of these sums.

2. DEFINITIONS AND RESULTS

In the following paragraphs we will define the tools we need in order to properly estimate
the distribution. These definitions deal with algebraic number fields and their relatives and are
standard in the area and the reader may refer to Ribenboim [29] or Wang [35].

Throughout the rest of the paper we fix an algebraic integer 5 of degree n over Z. Then we set
K = Q(p) to be an algebraic number field and denote by Ok its ring of integers (aka its maximal
order). Furthermore we set R = Z[3] to be our ring of consideration. Then let K (1 < ¢ <) be
the real conjugates of K, while K(™) and K(m+72) (r1 <m <1y +41ry) are the complex conjugates
of K, where 1 + 2ry = n. Throughout this paper the indices ¢ and m are always over the sets of
integers cited here. Furthermore we set r = r1 4+ ro and call the pair (r1,7r2) the signature of K.

If not stated otherwise an upper case letter will always denote a real number, a lower case letter
an element of Z[3] or Ok and a Greek letter an element of K, the completion of K. Furthermore
sums are always extended over rational or algebraic integers, respectively.

For v € K we denote by v (1 < i < n) the conjugates of 7. In order to extend the
term of conjugation to the completion K of K we define for 7; € K and z; € R (1 < j < n)

A=Y 1cicn@yy and XD =30 :rj’y](i). We recall that for A € K

(2.1) N = ] A9, oy = > AP, [X]= max

1<i<n
1<i<n 1<i<n -

A(z’)’

are the norm, trace and house of an element of K over Q, respectively. Furthermore for A € K let
(2.2) e(z) :=exp(2miz) and E(N) = e(Tr(XN)).

Let 0 be the different, A = Ak g the absolute value of the discriminant of K over Q, and D
be the absolute value of the discriminant of R over Z (as Z-module).

We will need some geometry of numbers and therefore let 7, ..., 7, be a basis of R as Z-module
and wy,...,w, be an integral basis of Ok. Furthermore we let pi,...,p, be the corresponding
basis of 61 such that

1 1=y,
Tr(piwj)Z{O —y

Let A be the lattice constructed by the n linear forms

Li = Zpgl)l']
j=1

Then we denote by A; the first successive minimum of the convex body B := {z € R" : |z] < 1}
with respect to the lattice A.
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We call a number totally non-negative if A\(¥) > 0 for 1 < i < n. As we will successively extend
the maximum length of the expansions we define N(T1,...,T;) to be the set

(23) N(Ti,....T) = {\e R )Au)

ST 1<i<r.
In the same manner we will need the corresponding set of integers in Og. Thus

(2.4) M(Ty,...,T,) = {)\ €O : (Au)

<T1<i<r).
We give a characterization of number systems in R.

Lemma 2.1 (|21, Theorem 3]). Let b € Z[3], N C Z, and A = maxqen |a|. Then (b,N) is a
number system in Z[3] if and only if

(1) |b(i)| >1fori=1,....,n and b < —1 for1,...,r,

(2) N is a full residue system modulo |N(b)| with 0 € N,

(3) B €Zb],

(4) all n € Z[F] with
(@)

A .
’77 SW (2217"'577“)7

have a representation in (b,N).

Since we want to run over the integers in R with respect to an increasing length of expansion
(1.1), we have to consider the relation of length and the absolute value of an element.

Lemma 2.2 ([22] Theorem]). Let {(v) be the length of the expansion of vy to the base b. Then

log |’y(i)|
) - 121%)(71 log |b(i)|

Thus we fix a T and set T; for 1 < ¢ < n such that

log [p)]"

log [N(b)|

In view of Lemmawe get that the expansions of the elements of N(T) have the same maximum

length. Furthermore we will write for short M(T) := M(T4,...,T,) and N(T) := N(T1,...,T;)
with T; as in (2.5).

Finally one can extend the definition of a number system also for negative powers of b. Then
for v € K such that

(2.5) logT; =logT

h
v = Z a;b" with a; e N
i=—00

we call

h

7] = Zaib’ and {v}:= Zaib_’

i=0 i>1

the integer part and fractional part of v, respectively.

Now we are in the position to state our main result.

Theorem 2.3. Let (b,N) be a number system in R and f be a b-additive function such that
f(ab¥) = O(1) as k — oo and a € N. Furthermore let

1 1
Mib = W gff(abk% Jl%,b = W gfﬁ(abk) - mi,bv

and
L

L
My(z) = kam DE(,T) = Z oi’q
k=0 k=0
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with L = [logn ) ©]. Assume that there exists an € > 0 such that Dy(z)/(log ) — 00 as x — 00
and let p € K[X] be a polynomial of degree d. Then, as T — oo let T; be as in (2.5)),

1 f(lp(2)]) — My(T?)
IN(T) Nex) b < y} — d(y),

where ® is the normal distribution function.

#{zeN(T)

We will show this theorem essentially in five steps.

(1) We start with the estimation of the Weyl sums which will occur in the proof. First
estimates are provided by generalizations of Waring’s Problem to algebraic number fields
together with Hua’s method of estimating Weyl sums. We will tune these tools in order
to meet our requirements in Section [3] The main difference will be the approximation of
the coeflicients.

(2) For counting the number of occurrences of a certain digit in the expansion of the integer
values of the polynomial p we need an Urysohn function. This function is developed in
Section [4] where we consider the fundamental domain of the number system.

(3) The error term when counting the number of occurrences of a digit comes from those
which are near the border of the fundamental domain. Therefore we estimate the number
of elements which are in a small tube around the border in Section

(4) In Section |§| we have to count the number of elements within the fundamental domain
itself, which gives the proof of the central proposition.

(5) Finally we show Theorem by truncation and two applications of the Fréchet-Shohat
Theorem.

3. WEYL SUMS

In this section we want to consider and estimate the exponential sums which will occur in the
following sections. We will begin by giving some background on how exponential sums are defined
in number fields.

Let a boldface letter always denote a vector. Then for T = (T1,...,T,) we set N(T)
N(Ty,...,T,). We call the sum

> E(g(@)),
zeN(T)
where F is as in and ¢ is a polynomial, a Weyl sum. In the generalizations of Waring’s
Problem the set N(T) is replaced by the set M(T), but one can in fact replace the set by any
finite set.

The main tool in order to estimate these sums is Weyl’s differentiation method. Therefore we
need a generalization of Dirichlet’s theorem on rational approximation, which is provided by Siegel
(c¢f. [BI). Since in our case the T; are not all equal (see Lemma we have to slightly modify
Siegel’s original theorem in order to cope with this new situation.

Lemma 3.1. Let Ny, ..., N, be real numbers and let N = {/Nl e Ny (N1 - Ny )2 be their

geometric mean. Suppose that N > A%, then, corresponding to any & € K, there exist ¢ € Ok
and a € 671 such that

@wéﬂ—a@ <N, 1<i<r

<N o< ‘q(i)

’ ‘q(z’)

max ( N, ‘qm €@ _ (0

Jzath 1<i<o,
and
N((q,00)) < A,

Proof. This easily follows from the appropriate modifications in the proof of Theorem 3.1 of [35].
O

Now we can state the main estimate of the exponential sum above.
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Proposition 3.2. Let

T = 7\1/T1 T TTl (TT1+1 e T7"1+7"2)2
be the geometric mean of the T; (1 < i <r). Suppose that

(31) g(gj) :ad$d+"'+051$

is a polynomial of degree d. If for the leading coefficient agq there exist a € 6~ and g € Ok as in
Lemma with N; = Tid(log T)=° and

(log T)™* < ‘q‘“ <Tf(logT)~" 1<i<r,

then
Y Blylz) < T"(log )~
€N (T)
with o1 > 2471 (09 + r227).

Since in our considerations the T; need not all be equal, we need the (log7)~7° term, and the
sum is extended over a different set, we have to modify the proof of Theorem 3.2 of Wang [35].
We start with the main tools needed for the proof of Proposition [3.2

The first tool deals with the different set over which the sum is extended. It also provides a
relation between the number of elements of the sets M (T) and N(T).

Lemma 3.3. Let T; (1 < i < r) be positive integers and set Ty, yryti = Tyy4i for (1 <i < o).
Then

or T2
M(T) ="—"~T,---T,+0 (T 1),
# ( ) \/K 1 (O )
AN(T) = 20 T+ O (1371

vD
— 1/n
where Ty = max (1, (Th---Ty) )

Proof. The estimation of #M (T) is Lemma 3.2 of [35] and the second estimate follows easily by
modifications of the lattice in this proof. O

Since in the classical case the T; are all equal we have to rewrite the corresponding tools in the
proof of Wang’s Lemma 3.6. Therefore we need the following adoption of Lemma 3.5 of Wang [35].

Lemma 3.4. Let T; and N; > 0 for 1 <1i < s be integers. Then denote by M the set of all points
(t1,...,ts) € Z° such that

T, <t;<T;+N; 1<i<s.
Let My be a subset of M and define

S = min Nl,-u,Ns).

tGZMO ( tq ts

Then

S < N(#Mo)' = (log(N +2)),
where N is the geometric mean of the N;.
Proof. This proof mainly follows that of Lemma 3.5 of Wang [35]. In the same way we start by

setting M, to be the subset of Mj such that ]’i,—“ > J’i,— for 1 < i < s. Furthermore we denote by
A, = #M, its number of elements and by

. Nl Ns
Sy:Zmln<t1a"'7ts>
teM,

the restriction of the sum S to elements of M,,.
Then it suffices to show that

S, K NAll,fé log(N, + 2),
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which together with S < S7 + .-+ S proves the lemma.
Without loss of generality we show this for v = 1. For ¢ > 0 let D(¢) be the subset of u € R?
such that
t>u >0, %2%20, 2<i<s.
Let M (t) := D(t) NZ* be the integer points in D(t) and denote by n(t) their number. In the same
manner let My(t) := {t € My : t > t;} and denote by no(t) = #My(t) its cardinality.
Now let ty be an integer such that

n(to) <A = ’fLo(Nl) < TL(tO + ].)

Then
1 N*(tg +2)51
S < Z <N1H t0+2 — < 7( 0571) log(to + 2)
1 1 N;
tEM (to+1) t1<to+1
and
s to NS
Ay > n(to) >ZH—t— Zt*l > c(s) 3 to-

t=1i=2 t=1 1

Putting these together proves the lemma. O

Now we state our modified version of Lemma 3.6 of Wang [35]. In its original version this
lemma essentially goes back to Mitsui [26].

Lemma 3.5. Let A,B; (1 <i<7r),N be positive numbers satisfying A > 1 and N > 1. Further-
more let B be the geometric mean of the B; and let N; (1 <i <) be in the same ration to N as
the B; are to B, i.e.,

B; ‘
=3By B, (Br41---B;)? and N; =NZ 1<i<r
Suppose that 1 < B < N, then, for any £ € K,
) _ 1 1  NlogN logN
Al-FE i 1) AB" | ——— + =
> min (41— Egmn)| ) < <|N(q)|+B+ T )

meM (B)
where q denotes an integer of K satisfying the conditions in Lemma|5.1 with & and N;.

Proof. Since this is a modification of the proof of Lemma 3.6 in Wang [35] we only sketch the
proof and mainly follow the lines there. We also try to use the same naming.

First we have to mention that 7); is an element of the basis of R (and not of Ok as in Wang’s
proof). But this provides us with no difficulty, since this element is fixed throughout the whole
summation.

Let X be the Minkowski embedding, i.e., for £ € K

X(&) = (X1(9), -, Xn(9)) = (€W, . €7 REMTY), S H2))),
Then for each m € M(B) we write

Tr(Emn;) =e;+d; (1<i<n) andset (= Zdipi

with e; being rational integers and —5 < d; <

One easily checks that

§= Y min (A)1-Egmn)| ") < Y min (A1X(Q") =5
(

1 1
2 2

1<i<n 1<i<n
meM(B) meM(B

Now we assign to every m € M(B) its corresponding ¢ and a vector y(m) defined by

y(m) = (RiX1(C),..., RuXn(C)) with R;=2A% |¢g®)
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We set ¢11 = ncloAl/", where c1¢ is a constant such that ¢17 > Al/z, and get that
1 —1/n
(X (Ol = genA™

Then we divide the set {1,2,...,n} into three parts

B; _
Ji :{1§Z§n:Ai22611‘q(1) }’

N

1 ; B; 1
& :{193":222@1@(” >N1Ai}7

. 1
J3 = {]. <1< n:2c ’q(z)‘ > 2}
Furthermore we set
Bi 1 . (4) .
T = 2ﬁAn forie J;, 7 =4cn1 ‘q ‘ for i € Js.

For the rest we set 7; such that [[;_, 7, = 27%". Then we divide the set of possible vectors y(m)
by defining for every vector g € Z™

1 1
B(g):={x:ﬁ<gi—2>§$i<Ti(gi+2)a1§i§n}.

By the same lines as in the proof of Wang we get that if there are two m and mj such that
m,my € B(g) then m —my € a for a certain ideal a with

IN(q)] < A*N(a).

Finally we denote by W (g) the number of m € M (B) such that y(m) € B(g). Thus following the
lines of the proof of Wang we get that

B, n N; =1
W(g)<<1+W0:1+‘HNi‘H w:HB .HE.H ’qm‘ _
i€y JEJ2UJ3 i€Jr JjeJ2UJ3

Now we split the sum S* up into two parts where S; consists of all elements m € M(B) and
y(m) € B(0) and Sy is the rest.

We start with the estimation of S; and distinguish two cases according to whether J; U Js =
or not.

e For J; UJ> = ) we get as in the proof of Wang that

AB"™
3.2 S <A+ ——.
(3:2) ! N0

e For J; U Js # () we rewrite the sum and get

N,
i A —J .
o1 < mZ ‘“( ’IXj(erfo)I)

meM(2B)

We again divide the area of possible X. For t € Z" we define

B0 = MO B (1) ey NOB (1)),

We get that B*(t) U M (2B) contains at most one element for every t € Z™. By noting our
definition of N; we rewrite the sum to get

. N 1  NlogN
S < A —— | < AB" | =+ ——— |,
1 Zm“( |tj|N<a>n> (B AB )

where we used Wang’s estimations since the sum is the same.
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Together with the estimation (3.2)) we get for Sy that

1 1 NlogN)

(3.3) Sy < AB" <|N(q)| =+ =

Now we are left with estimating So. Therefore we distinguish the two cases according to whether
Wy > 1 or not.

e For the first case (Wy > 1) we get by following the lines of the proof of Wang that
(3.4) Sy < B™log N.
e In the case of W < 1 we reach the estimate

< D ?éb?( q<>y>

g:€Go

where G is the set of all g;,7 € J3 such that
W(g)#0, {g:}#0.

In the same manner as in Wang’s proof we get that the value |g;| in Gy does not exceed
N;. Thus by an application of Lemma [3.4] we get that

Sy < NB" log N.
Together with the estimation this yields
log N N Nlog N )
A AB
Putting the estimates of S; and S5 in and together proves the lemma. O

(3.5) Sy < AB" (

Now we need two tools in order to successively apply Weyl’s differentiation method. The first
let’s us replace the sum over the elements of N(T) by an estimation of a minimum.

Lemma 3.6 ([35, Lemma 3.8]). Let m € Ok and T be the geometric mean of the T;, i.e.,

le T1 7‘1+1 TT1+T2)2‘

Then

> E(mh) <1 win (7)1 — E(&mn;)| ™),
heN(T) ==

where n; (1 <i<n)is a basis of R.
Proof. The proof follows the one of Lemma 3.8 of [35] together with an application of Lemma [3.3]
O

The second one deals with the Weyl’s differentiation as such. The main idea is to nest the sum
in order to reduce the degree of the involved polynomial by one.

Lemma 3.7. Suppose that 1 <t <d—1 and T is the geometric mean of the T;, then we have
2t

> E(g(h) < T —t=1n > > E(hi--hg(h by, h)E)|,

heN(T) hi,....,hy €M (2T) |hEN(T)

where
G(hyhyy. o hy) =d(d—1)---(d—t+ 1)agh®t +
is a polynomial of degree d —t in h,hy,..., h;.
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Proof. By Holder’s inequality we get that
2t gt—1

Z Z E(h1g(h1, h))

heN(T) h1EN(2T) |hEN(T)

Z Z E(hig(h1,h))

hi€M(2T) |REN(T)

(]
3
S
z
IN

2t71

IN

2t71
<7 ST ST B(hg(, b))
h1€M(2T) |heN(T)

Now we iterate this process in the same manner as in the proof of Lemma 3.9 in [35] to finish the
proof. O

Now we consider the divisor function in more detail. This idea essentially goes back to Hua [14].

Lemma 3.8 ([35, Lemma 3.7]). Fora € Oy and T > 0 let di(a,T') be the number of solutions of
the equation
Uy up =a, where uy,...,up € M(T) fori=1,... k.
Then for every e > 0
di(a,T) < |N(a)|® (logT)r—D k=1,

We write for short d(a,T) := da(a,T). Now we have collected all our tools in order to estimate
sums involving divisor function, which will occur in our proof of Proposition [3.2}

Lemma 3.9. Let t be a non-negative integer and T = (T1,...,T.). Then

2. (Cl(l?(nﬁ))) < (n(log To)")*",
meM(T)

where Ty = max (1, (v T T2 4y 'Tf)l/n)

Proof. For simplicity we set T, +ryqi = T4 for 1 < i < ry and continue by induction on ¢. For
t =0 we get that m € M(T) implies that [N(m)| < [\, T; < T¢'. Thus by Lemma

1 (log Tp)" "
—_— - log Tp)".
me%:m NG N;n N st
=1
Now we assume that the lemma holds for ¢ — 1. Then
(d<m7T0))t (d(maTO))t_l (d(maTO))t_l
2 IN(m)] 2 IN(m)| 2 22 IN(m)|

uv=m uv=m
meM(T) meM(T) woert(my)  EMIO) (T

_ Z Z (d(u’l},To))til
“ . IN(u-v)
ueM(T) UGM(T1 |u(1)| ..... Tr‘u(7‘)| )
< (n-(logTo)")2 '(n-(logTo)")? = (n- (logTp)")?".
0

By the last lemma we can estimate a divisor sum which occurs in the estimation of our Weyl
sum.

Lemma 3.10. Lett be a non-negative integer and let T = (T, ..., T,). Furthermore set Ty, {r,ti =
T +i for 1 <i<ry and suppose that T; < Ty for 1 <i <n. Then

Z (d(m,Ty))t < Ty - 'Tn(n(IOgTO)T)Qtl_
meM(T)



12 M. G. MADRITSCH

Proof. We show this by induction on t. For ¢t = 0 this essentially is Lemma Now we assume
that the lemma holds for ¢ — 1, then by an application of Lemma

Y dm ) = Y @mn)t Y 1= Y Y (dm )

uv=m uv=m
meM(T) meM(T) u,veM(Tp) ueM(T) u€M(T)

= > > d(uv, Tp))! ™!

ueM(T)vGM(T1|u(1)|_1 ..... TT|u("")|_l)
1T T, 1
< > (d(u,Ty)) 17( (log Tp)")*
< Ty To(n(log To)")2 L.
O

Finally we need a Lemma whose idea essentially goes back to Hua (c.f. Hilfssatz 6.1 of [14]) in
order to get a better estimation of the Weyl sum.

Lemma 3.11. Let t be a non-negative integer and let T = (T1,...,T;). Suppose that T; < Tgy for
1 <i<n. Then, for any oo > 2371 we get

!
Y. (dm,Ty))" < Tg (n(log Ty)") ="
meM(T)
/
where Z stands for the sum over all m such that
(n(log Tp)")™ < (d(m, Tp))".
Proof.

(nlogTo)" ) 3 (dm, To))' < 3 (d(m,Tp))*

meM(T) meM(T)

< Ty (n(log T())T')Qat_1 < Tg (n(log Tp)")?

Proof of Proposition[3.3. We set G = 29=1 and get by an application of Lemma

G
> E(g(m)| <T@ n > > E(agmh)
meN(T) h1,..,ha_1€M(2T) |he M (T)
where
(36) m = d'hl cee hdfl.

Now we denote by A(m) the number of solutions of (3.6). Noting that dy(m,T) < d(m,T)*
get that

Alm) < T(d=2)n if m =0,
m
d(m,T)?1 if m # 0.
Putting everything together yields
G

> E(g(m))| <T@ 4 p@dn > dm, 7)1 | Y E(agmh)|.
meN(T) meM (d!2aTd—1) heM(T)
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Now we distinguish two cases for m according to the hypotheses of Lemma [3.11} i.e., whether
(n(logT)")?? <« d(m,T) or not. Thus by an application of Lemma and Lemma
G

Z E(g(m))| <T@ 4 p(G=dn <T"(n(log T)")° + Zl(n(log ")’
meN(T) m

Z E(agmh)
h

< T(G—Q)n + T(G—d+1)n(1og T)ro‘
+ T (1og 7Y 3 7" min (T, = E(admh)\‘l)

m

1 1
T(G72)n T(GfdJrl)n 1 T\ TGn 1 T\ = 1 T) Ot
< + (log 7)™ +T%"(log T) 7N(ad)+T+(0g )
< T(G72)n+T(G7d+1)n(logT)ra+TGn(10gT)r0701.

O

4. FUNDAMENTAL DOMAIN

In this section we want to construct the Urysohn function for indicating the elements starting
with a certain digit. The following definitions are standard in that area and we mainly follow
Gittenberger and Thuswaldner [I2]. We need the fundamental domain, which is defined as the set
of all numbers whose integer part is zero, i.e.,

F = ZGCZ:Zakb*k,ak€N’

k>1

It is more convenient to consider the embedding of the fundamental domain in R™. We note that
if (b, V) is a number system then b is also an algebraic integer of degree n and K = Q(3) = Q(b)
(c¢f [16) 2&). Thus we get that {1,b,...,b" '} is an Z-basis for Z[g], a Q-basis of K and an
R-basis of K. We may define the embedding ¢ by

é: K — R™,
| artaght o™ = (g, ).

where K is the completion of K.

Now let my(x) = ag+ a1z + -+ -+ an,—12" "1 be the minimal polynomial of b, then we define the
corresponding matrix B by

0O 0 - o ... —ap
1 0 0 :
(4.1) p-| 0 1
1
0 0 0 1 —Qp—1

One easily checks that
¢(b-z) = B - ¢(2).
By this we define the embedding of the fundamental domain by

f:¢(fl): ZER”Z:ZB_kak7ak€¢(N)

k>1
Furthermore we note that by Theorem 1 of [16]
A(F+91) N (F+g2)) =0
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for every g1, g2 € Z™ with g1 # g, where A denotes the n dimensional Lebesgue measure. Thus
(B, $(N)) is a matrix number system and a so called just touching covering system and we are
allowed to apply the results of the paper by Miiller et al. [27].

In the rest we combine the ideas of Gittenberger and Thuswaldner [12] with the results of Kétai
and Kornyei [16] and Miiller et al. [27]. Therefore we only show the results and left the proofs to
the reader. For the proper counting of the elements with the same digit in their expansion the
border of the fundamental domain is of special interest. In particular, its diameter will provide
us with a parameter we need in order to properly estimate the Fourier series of the constructed
Urysohn function. We can approximate F with help of the sets

Qo:={zeR"||z]|l, <3},
Qr = |J B 1 (Qr-1 + 8(a)).

a€EN

This approximation satisfies d(0Qy, OF) < |b| ¥, where d(-,-) denotes the Hausdorff metric. By
consulting [27], we get that the Qy consists of |N |k parallelograms and that there exists a p with
1 < pu < |N(b)| such that O(u*) of theses parallelograms intersect the boundary of Q.

Now we define the fundamental domain consisting of all numbers whose first digit equals a € N,
i.e.,

Fa =B~ F + ¢(a)).
Imitating the proof of Lemma 3.1 of [I2] we get the following.

Lemma 4.1. For alla € N and all k € N there exists an aze-parallel tube Py , with the following
properties:

e 0F, C Py, for all k € N,

o the Lebesgue measure of Py 4 is a O (ﬁ),

e Py, consists of O(u*) awe-parallel rectangles, each of which has Lebesgue measure O(N®)|"),
where \ denotes the Lebesgue measure.

As in the proof of Lemma 3.1 of [I2] we can construct for each pair (k, a) an axe-parallel polygon
IIj . and the corresponding tube

Pio = {z € R"

I = Myall,, < 26, 67"}

Furthermore we denote by Ij , the set of all points inside II; ,. Now we define our Urysohn
function u, by

(4.2) Ua(T1y- -y Tp) = /{i”/i i¢a($1 F Yty T+ Yn)dyr - - - dyn,
-3 -3

where
(4.3) k= 2c, b7
with ¢, a constant and

1 if (z1,...,2n) € Inq

Va(T1, .., 2p) = % if (x1,...,2n) €4
0 otherwise.

Thus u, is the desired Urysohn function which equals 1 for z € Iy, 4\ Py 4, 0 for z € R™\ (11, s UPs.q),
and linear interpolation in between.

We now do a Fourier transform of u, and estimate the coefficients in the same way as in
Lemma 3.2 of [12].
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Lemma 4.2. Let ug(z1,...,2,) = Z(ml mn)EZn Cmy,...mpe(miz1 + - +mpxy) be the Fourier
series of u,. Then the Fourier coefficients cp, ... m, can be estimated by
1 v 1
€0,...0 = =7y Cmayom, KU
O | Frew

with

Ami m; 7é O7
rimi) = 1 m; =0

5. ESTIMATION OF THE BORDER

Before we proof the central proposition in the next chapter, we have to consider the error
term, which mainly comes from the number of points within the tube Py , defined in the previous
chapter. Throughout this section we fix a positive integer k, which we will choose later, and a real
T. Then we set T} as in and define

0] (fﬂ(ﬂ) € U Py, mod B_lz"}.

aeN

(5.1) fy:#{zeN@)

The main target of this section is the estimation of Fj.

Proposition 5.1. Let p < |[N(b)| be as in Section || and C; and C,, be sufficiently large positive
reals. Suppose that j is a positive integer such that

(5.2) Ciloglog T < j < dlogy) T — Cyloglog T
Then for any positive o
Fy < g*T" (IN()| ™" + (log 7)™ ) .
In order to estimate F; we apply the Erdés-Turdn-Koksma Inequality.

Lemma 5.2 ([T, Theorem 1.21]). Let x1,...,xy be points in the n-dimensional real vector space
R™ and H an arbitrary positive integer. then the discrepancy Dy (x1,...,z1) fulfills the inequality

2 1
Dp(z1,...,00) €< —— + Z

h.
H+1 e(h- )
0<[h], <H

b

where h € Z" and r(h) = [}, max(1, |h;|).
Now we are ready to prove the proposition.

Proof of Proposition[5.1 In order to apply the Erdds-Turdn-Koksma Inequality we have to con-
sider rectangles. Recall that the tube Py , consists of rectangles as mentioned in Lemma We
split the tube Py, into this family of rectangles and let R, be one of them. Then our goal is to
estimate

Fj(R,) :== {z € N(T)‘gb (5}2) € R, mod BIZ"} .

We set x, := ¢(p(z)/bT1) and get by the definition of the discrepancy (cf. [T, Definition 1.5])
that

(5.3) Fj(Ra) <T" (MRq) + Dr({z:}))
where L is the number of elements in N(T) and T is the geometric mean of the T;. Thus we get
by Lemma [3.3] that

2N

(5.4) L="7

T +0(T"1).
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In order to estimate the discrepancy we use Lemma to get

2
(5.5) Dr({z.}) <gTit > T 37 e(h-a)|.

0<||h|| <H zeN(T)

Our aim is the application of Proposition Since F is defined in (2.2)) as E = e o Tr we have to
rewrite the exponential sum with scalar multiplication into one involving the trace. It is easy to
see that the following function suffices our purpose.

(5.6) 7(2) := (Tr(2), Tr(bz),. .., Tr(b" " 12)) = 2¢(2),
where 2 = VVT and V is the Vandermonde matrix
1 1 1

b b2 oo (pm)n—t

bn.—l (b(2).)71—1 - (b(”).)”_l
Thus we get

(5.7) h-z,=h- ¢(bj(+3) =h="!7 (b]+1> = <Zh b~ 1b]+1>,

where we have set (h~1, ha, . ..,h~ )= h"*

Plugging (5.4 and ( into and applying Lemma“ylelds
n ™ i—1
(5.8) Fy(Ra) < AM(Ra) T" + 57— + > ( > E(Zhb bJ+1>’

0<||h||  <H zEN(T) i=1

where
(5.9) H = (logT)°*.

Now we want to apply Proposition |3.2{for the last sum. Since Y., hibi—! p(2) is a polynomial
of degree d we write ¢ for its leading coefﬁment for short. Then we apply Lemmam 3.1]to get a € 671
and g € Ok such that

€0 ) _ g
Gy -
Now we distinguish three cases according to the size of [¢| (defined in (2.1))).
e Case 1,[¢]|> (logT)?*: By Proposition we get

> (Zh b f) < T"(logT) ™"

2EN(T) i=1
e Case 2, 2 <[q|< (logT)°': Let 1 < i < n be such that |q(i)’ > 2. Then by noting
9] <[q]we get

T %logT)’* and 0< ¢V < TlogT)™"* for 1<i<r.

(logT)°r 1
Td = 0]

K3

(0 |
‘ &Y o _ .0 <

(@)1

and thus (using our first successive minimum A;)

3% a(® 1 1 1 1
| 2 = |- ——= 2N | = | >\ > (logT
’(bm)m “ 1@ TP T "\ e %) = 2]q@] (log 7)™

Therefore by noting Lemma and our definition of H in (5.9) we have

‘b(i) Jjt+1

(5.10)

(logT)7* < nH(logT)* < (logT)7*+74,

< ‘5(”
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which yields

(0'1 + 0'2)
log [b(®)|

contradicting the lower bound for j in for sufficiently large Cj.

K loglogT

17

e Case 3, 0 <[g]|< 2: We have to consider two further cases according to whether a # 0

or a = 0.
— Case 3.1, bj%q > A Let 1 < i <n be such that ‘(b(,))J+1q()

2
with H as in (5.9)

VRS
’b(’) < H = (logT)%*
which again contradicts the lower bound of j in (5.2)).

. Then we get

— Case 3.2, bJ+1 q| < 2+: Since ) is the first successive minima for the sphere with

respect to the lattice of 0! we get that a = 0. Thus for 1 <i <n

9 & <(10gT)”1
(B@)i+1? T4

2

Taking the norm we get

N( ¢ ) - NN@ N(q) < 18T

ijrlq (b)j+1 Tnd

This implies

J+1=ndlogney T — loglogT + C

no
log [N(b)]

contradicting the upper bound of j in (5.2)) for sufficiently large C,,.

Thus we get for all j satistying (5.2 @ that

> E(Zh bi- 1f ><<T"(logT)

z€N(T) i=1
Plugging this into (5.8)) together with (5.9 . yields

n Tn n —00 ]'
Fj(R,) < T"A(R,) + logT)7 +T"(log T) > Ty

0<|/hll <H

(log T')os

Finally setting o4 := 0¢/2 and summing over all rectangles R, yields

Fy < g* T ([N + (log T)~7/2) |

< T"A(R,) + +T"(logT)~?°(loglogT)".

By setting o3 = 0(/2 the proposition is proven.

6. THE CENTRAL PROPOSITION

In this section we want to state and proof the central proposition. It will count the number of
elements with given digits in the expansion. This will provide us with the main tool in order to

proof Theorem [2:3]

Proposition 6.1. Let T > 0 and T; for 1 <1i <n be defined as in . Let L be the maximum
length of the b-adic expansion of z € N(T) and let C; and C,, be sufficiently large. Then for

(6.1) CllogL<ly <ly<--<ly<dL—CylogL

we have,

2’[’ T2

0 :=#{ze N(T)|a,(f(2)) =bj,j = 1,.. }_\f|N()|

T"+ O (T"(log T)~°)

uniformly for T — oo, where b; € N are given and og is an arbitrary positive constant.
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Proof. We recall our Urysohn function u, (defined in (4.2))) and set for v € R™
t(v) = up, (B~1 7)oy, (B~ 1),

where B is the matrix defined in (4.1)).
Now we want to apply the Fourier transformation, which we developed in Lemmal[4.2] Therefore
we set

M :={M = (p1,...,pn)p; = (mj1,...,mj,) € Z", for j=1,...,h}.
An application of Lemma [1.2] yields

Z The ZuJB L=l ],

MeM
where Ty = H?:1 Cmj1 ey - Combining these results we get
(6.2) O— > top()|<Fy+-+Fy.
z€EN(T)

Using the function 7 defined in (5.6) we get

h
DO ote) = Y Tu Y, e| D mB TE T 7(p(2))
zEN(T) MeM zeN(T) \Jj=1
Setting
fi; = (Mij1,...,mjn) = p; BT TIETL (G =1,...,h)
yields
h n nis p
IRCCCIED ST IR P B
zeN(T) MeM z€N(T) j=11i=1

We want to apply the same ideas as in the proof of Proposition For 1 < j < h we set &;
to be the leading coefficient of >"" ; ni;;p(z). Then we apply Lemma with N; = T¢(log T')
for 1 <4 < r in order to get that there exist a € =1 and ¢ € Ok such that

h (i) g

; . . 1 T\o1 ) T
Z(b(gj)ljﬂqu)—a,(l) <% and O<‘q1 <m for 1<7<n.
j=1 i

Now we again distinguish several cases.
e Case 1,[q|> (logT)?*: We apply Proposition and get

h n
Z E Z Z mlj);pﬂ < T"(logT)~7°

zeM(T)  \J=1i=1

e Case 2,2 <[q|< (logT)°': In the same manner as in (5.10) we get

i h (4)
i Sj(' ) 2 j=1 ‘fj

log T)* < : < ,
(Og ) — j;(b(z))lj-}-l — |b(i)|l1+1

lh+1<loglogT.
Together with the definition of L this contradicts the lower bound of [y for sufficiently

large C; in (6.1]).

e Case 3, 0 <[q|< 2: We have to consider two sub cases
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— Case 3.1, Z?:l bzfilq > 71 Let 1 <14 < n be such that

7 h (1)
Mo zh: &) o) Y < g
2 o+ | = ’b(i)|zl+1 q

J:1

then
lh+1<loglogT
again contradicts the lower bound of I; for sufficiently large Cj in

— Case 3.2, Z] 1 bb“q < & By Minkowski’s theorem (cf. [15]) we get that a = 0.

Thus for 1 <i<n

h (1) h
§; (i) 1 O it | _ (ogT)”

which implies (taking the norm of the left side)
lh +1 Z nd 10g|N(b)\ T— C(lOg 1Og\N(b)\ T)

contradicting the upper bound for sufficiently large C,,.

After these considerations it is clear, that Case 1 is the only possible case which suffices the

hypotheses in (6.1)). Plugging this into (6.2) and applying Lemma and Lemma for the
coefficient cg,.._ o yields

T T2
== T4+ O|T(logT)~ Ty | +0 F
VDIN®)|" o#%m Z

An application of Proposition [5.1] with k¥ < loglogT and the observation that

Z ITar| < k72" < [b*"™ < (log T)7°/?,
MeM

where we used the definition of k in (4.3), proves the proposition. O

7. PROOF OF THEOREM 2.3
At this point we will need the Fréchet-Shohat Theorem which we state for completeness.

Lemma 7.1 ([10, Lemma 1.43]). Let (F,,(2)),~, be a sequence of distribution functions. For each

non-negative integer k let
o0

ap = lim 2FAF,(2)

n—oo | _
exist.

Then there is a subsequence of Fy,,(z) (n1 < ng < ---), which converges weakly to a limiting

distribution F'(z) for which

ozkz/oo 2PdF(z) (k=0,1,...).

— 00
Moreover, if the set of moments oy, determine F(z) uniquely, then as n — oo the distribution
F,(z) converge weakly to F(z).

For the proof of Theorem we mainly follow the proof of Theorem 1.2 of Gittenberger and
Thuswaldner [I2]. In the same manner as in their proof we set C' := max(Cj, Cy,), A := [C'log L]
and B := L— A, where L, C; and C, are defined in the statement of Proposition Furthermore
we define the truncated function f’ to be

B
= fla;(p()¥)

Jj=A
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By the definition of A and f(ab’) < 1 with a € N we get that f'(p(z)) = f(p(z)) + O(log L). In
the same manner we define the truncated mean and standard deviation

B B
M{(T):=> m; and DP(T):=>» o3
Jj=A j=A
Since My(T) — M{(T) = O(log L) and D}(T) — D;*(T) = O(log L) we get that it suffices to

show that J
1 f'(p(2)) — My(T)

-_— N(T d(y).

AN {Z SR I T )
By Lemma [7.1] this holds true if and only if the moments

1 F(p(2) = My(TH\"
) "#N(T)ZE%‘T)( DY) )

converge to the moments of the normal law for T — oco. We will show the last statement by
comparing the moments & with

ne(T) := #N(T9) Ze%:Td) < D),(T9) > )

where T¢ = (T¢,..., T9).
An application of Proposition [6.1] gives that

&(T) —mi(T) = 0 for T — oco.

Furthermore we get by Lemma that these sums consist of independently identically dis-
tributed random variables (with possible 2C exceptions). By the central limit theorem we get
that their distribution converges to the normal law. Thus the 7, (7T) converge to the moments of
the normal law. This yields

lim &,(T) = lim n(T) = / 2*d®.

T—o0

We apply the Fréchet-Shohat Theorem again to prove the theorem.
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