ON A SECOND CONJECTURE OF STOLARSKY: THE SUM OF DIGITS
OF POLYNOMIAL VALUES

MANFRED G. MADRITSCH AND THOMAS STOLL

ABSTRACT. Let g, > 2 be integers and denote by s, the sum-of-digits function in base gq.
In 1978, K. B. Stolarsky conjectured that

1 s2(n”)

In this paper we prove this conjecture. We show that for polynomials P;(X), P»(X) € Z[X]
of degrees r1,72 > 1 and integers g1, g2 > 2 we have

1 8q (P1(n)) _ ri(qr —1)logge

N=oo N £ g, (P2(n))  ra(g2 —1)logqi”

We also present a variant of the problem to polynomial values of prime numbers.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let ¢ > 2 be an integer. Then every positive integer n has a unique g-adic representation
of the form

4
n= anqk with ny # 0.
k=0

We call a function f a g-additive function if it acts only on the digits of this expansion, i.e.,
¢ ¢
f (Z nm'“) = flmd®).
k=0 k=0

Moreover, if this action is independent of the position of the digit, i.e., f(a¢®) = f(ag?) for
k,7>0anda € {0,1,...,g—1}, then we call f strictly g-additive. The most famous example
of a strictly g-additive function is the sum-of-digits function s, defined by

l ¢
o (St = Yo
k=0 k=0
In 1978, K. B. Stolarsky [6] studied the distribution properties of the sequence of fractions

(s2(n")/52(n))>1 5
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where r > 2 denotes a fixed integer. At the end of his paper, he posed two conjectures. His
first conjecture was to give a proof that for all fixed r > 2 one has

lim inf s2(n’)

= 0.
n—oo  S9(n)

Hare, Laishram and Stoll [5] recently settled this conjecture and proved, more generally, that
for any polynomial P(X) € Z[X] with P(N) C N of degree r > 2,

lim inf 78[1(13(”))

=0.
n—00 sq(n)

Stolarsky also showed that the sequence s3(n”)/s2(n) is unbounded as n — oo (this is also

true for s";ifg”, see [5]) and he posed the question whether
. 1 so(n')
1.1 1 —
(L.1) Noeo N Z s2(n)
<N

exists and — if it exists — to determine its value. Stolarsky conjectured that the limit
exists and that it is included in the interval |1, h]. The purpose of this paper is to prove this
conjecture. More precisely, as in Hare, Laishram and Stoll [5], we show a general version. We
also present a variant to polynomial values of prime numbers. Let p,, denote the n—th prime,
i.e., p1 = 2, po = 3, p3 = b etc.

Our main result is the following:

Theorem 1.1. Let q1,q2 > 2 be integers and Py (X), Po(X) € Z[X] be polynomials of degrees
r1,r2 > 1, respectively, with P1(N), Po(N) C N. Then

1 P ~1 /1 -1
(12 i+ 37 SelBl) el ( qul) iy
Nz N n<N S0 (P2(n)) @ —1 \logg -
Moreover,
1 P, -1 1 -1
(1.3) lim — SQI( l(pn)) _ q1 ' < qu1> ' E
Nooo N = 50, (Pa(pn)) @ —1 \logga) 1

Remark 1.2. In exactly the same way one can show that

1 Sq (Pr(pn)) _ 1 —1 <10gql>1 it
N—voo N 2= 54, (Pa(n)) g2 —1 \loggo

T2

All these results easily extend to strictly ¢i- resp. g¢o-additive functions provided that the
variance and the image set of the functions satisfy some suitable conditions (see [1]). These
conditions are automatically verified by the sum-of-digits function. We also remark that
by using results due to Drmota and Steiner [3] one can prove analogous results for additive
functions of polynomials in numeration systems that are defined via linear recurrent sequences,
such as the Zeckendorf expansion.
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2. PRELIMINARIES

For the proof, we need some notation. We denote by
a1

21
He =5~ and ngqm :
the mean and the variance of the values of the sum-of-digits function (see [1] or [2]). We will
use the letter p to refer to a prime number, and use 7(N) for the number of primes up to N.
We write f <, g or f = O,(g) if there exists a constant C' depending at most on w such that
f(x) < Cg(x) for sufficiently large x. If there is no such w then the implied constant is meant
to be absolute. We write log, x for the logarithm to base g. Finally, for A C N we denote by
d(A) the asymptotic density of A, i.e.,

. AN, N]
d(4) = Jim ——-

The idea of the proof of Theorem |1.1]is to use Cesaro means (see [4]). However, we cannot
apply these means directly since the summands in and could be arbitrarily large.
We will therefore divide the sequence into two parts. The first part corresponds to terms
where the ratio stays close to the mean value whereas the second part is made up by terms
that are far away from the mean (this will be made precise in a moment). For the first part,
we use Cesaro means and the following

Lemma 2.1. Let (xy)nen be a sequence of reals and A C N a set with asymptotic density
one. If

lim x, =2 < o0,
n—o0o
neA

then

Proof. We define the sequence (y,)nen by
_Jxn ifne A
"Tr ifngA
Then we have
i D= iy St i 3=
NHEO]V xn<_ NH£o]V Yn NHQDJV S
n<N n<N

< < n<N
neA ngA

For the second part, we make use of a result of Bassily and Katai [1].

Theorem 2.2. [I, Theorem] Let ¢ > 2 be an integer and P(X) € Z[X] be a polynomial of
degree v > 1 with P(N) C N. Then

1 P — fg 1 NT 1 t 2
Lalicn<n. sq(P(n)) — p1q Oglq( ) S N / exp <$> da
N o4(log, N7)2 N—oo 27 J_ 2
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P(p)) — g log, (N ' 2
# 1§p§N:Sq< (®) ”qogf( L R / exp<—x>da:.
o4(log, N7)2 N—oo /21 J_ 2

3. PROOF OF THEOREM [L.1]

In the sequel, assume that N > 2 is a fixed real number. For a given integer ¢ > 2 and a
given polynomial P(X) € Z[X]| (with P(N) C N) of degree » > 1 we define A, p = A, p(N)
to be the set of integers n with 1 <n < N such that s,(P(n)) is close to its mean value, i.e.,

Ay p = {1 <n<N: [sg(P(n)) — ,uquogqN‘ < ay(rlog, N)%}

(We remark that in fact any exponent larger than % in place of % would have done the
job.) In a similar way, we define B, p = B, p(IN) to be the set of integers n with 1 <n < N
such that s,(P(py,)) is close to its mean value (note that by the prime number theorem we
have py ~ Nlog N, as N — c0), i.e.,

B, p = {1 <n < N: [sq(P(pn)) — pgrlog,(Nlog N)| < aq(rlogq(NlogN))%} .

In order to be able to apply the properties of the Cesaro mean we need that both the
numerator and the denominator of the ratios in and are near the mean. We first
show that for N — oo we have B, p ~ N and A, p ~ N. We then use asymptotic densities to
show that there are only few elements in [1, N|\ (Aq, ,p, NAg,,p,) resp. [1, N\ (By,,p,NBy,.p,)-
We will then be able to restrict our attention to Ay p, N Ag,, p, resp. By, p, N By, p, in the
end.

We start with an application of Theorem As N — oo, we get that

sq(P(n)) — pgrlog, N
oq(rlog, N)%

#([LN}\Aq,P):#{lSnSN:

> (rlogqN)}l}

0 $2
<N | €Xp () dz.
(rlog, N)% 2

Thus the number of elements that lie not in A, p can be estimated by the tail of the normal
distribution. We have

0 x2 0 o 1‘2 exp (—%)
/ exp| —— | dx < / —exp|——)dz = ————~,

where we have used that 0 < ¢t < z. Therefore,

#([1,N]\ A, p) < Nexp (_(rlogsN)2> (rlog, N)’i

N N
— 35 <¢P T35
(rlogq N)z (log N)4

(3.1)
<
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The same calculation also shows that
(3.2)
5q(P(pn)) — perlog,(Nlog N)
oq(rlog,(N log N))%

#([LN]\Bq,p):#{lgngN;

> (rlog,(N log N))All}

L¢P ——%-
" (log N)

Recall the setting of T heoremu The prime number theorem (in the form py ~ N log V)
and a comparison of the lengths of the expansions give

e (200 s (Fio)
502 (P2()) 500 (Pa(p))

uniformly for all n with 1 <n < N. Hence, we get from (3.1 that

) <q,p, logN, N — oo,

1 5q, (P1(n)) log N
(3.3) N ,;V Si2(Po(n)) 70 N H;V H;V
’rLQAql,p1 ﬁAqQJD2 ngAqlaPI ngAQZaP2

Lg1,q2,7 (log N)(log N)_i =o(1),
and similarly from (3.2)) that

(3.4) 3 sa(Pipn) _ g

1
N2 su(Ble)
TLQBql Py ﬁqu,pQ

Now we turn to the elements which are in A, p, N Ay, p,- By the definitions of these sets
we get for all n € Ay, p, N Ag, p, (note that the denominator is positive),

8¢, (P1(n)) < pgr1log, N + 0, (r1log, N)
Sqo (P2(n)) — pigor2log,, N — 04, (ralog,, N)

N3N BNV

3 _1 _3

_ T 4 0,71 (logg, N) ™7 (logq1)*
- 3 1 37
2 _ 4, (log,, N) 71 (log g2) 3

and

]

3 1 _

s (Pi(n)) _ Toggr — a1 (1085, N)7F (log 1)
P - 3 _1 _
s (Pa(n) ™ tats o 8 (1og,, M) (log a2)

o

This can be rephrased as follows. Let (Ni)g>0 be any sequence of reals with limy_,o, Nj = 0o
and let (ny)r>0 be any sequence of integers with n, € Ag, p, (Ni) N Agy,p, (Ni). Then

lim 2@ (Pr(np)) _ HPa log g2 ey
k—oo Sqy (Pa(ng))  pgy logqr 72

A similar calculation shows that
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e

8q1 (P1(pn)) < g 71log,, (Nlog N) + ag, (7“1 logq1 N log N))
Sq» (P2(pn)) figyr210g,, (N log N) — 0, (r2log,, (N log N))
3
4
T

log log N 3 1 loslox N
o <1+ TogN )*"m (logq1) ™4 (log )~ (1+ “log N )

3 _3 _1
e (1 + loglog ¥ ) — og,r3 (log g2)~ 3 (log N)~ (1 + gl )
In a similar way we get the lower bound with the signs reversed. Again, we obtain as limit
lim Sq1 (P1(Pny)) _ Fa logga o
k=00 Sg, (P (pnk)) Mgy logqr T2
Now, since Ag p(N)/N ~ By p(N)/N ~ 1 as N — oo, the sets Ay p = Uyn>; Ag,p(NV) and
Byp = Upns1 Bg,p(N) satisfy d(Ag p) = d(Bg,p) =1, and therefore
d(AQLPl N Aq27P2) = d(Bq17P1 n Bq27P2) = 1.

By Lemma the limit for n — oo is not altered when we only look at those n that lie in
these subsets of asymptotic density one. Thus we get

e

(3.5) i 3 sq(Pi(n) _ pgylogge 11
N=eo N n<N S (P2(n))  pigy logaqr 12
nGAqup_lﬂAqQ,F:Q

A combination of (3.3)) and (3.5)) yields
1 Sq (P1(n))

lim —

N0 N s, (Pa(n)

—1im% > 8‘“(Pl<n>)+limif 3 s (P1(n)

nE€Ag, P NAqgy, P, ngAq, Py NVAqgy. Py
_ Mg logga T
B figy logqr 12’
which proves , and similarly we get . This completes the proof of Theorem 1.1} [

4. CONCLUDING REMARKS

The above results do not hold in general for arbitrary g-additive functions. For example,
let f: N — N be such that f(n) =1 for n > 0. This function is g-additive (for any ¢ > 2) as
it puts 1 on the least significant digit of n and 0 on all other digits. Then, for each r > 1, we

have that N
1 fnh)
lim —
NS N nz::l F(n)
On the other hand, if f: N — N is g-additive with f(aq®) = 2* for a € {0,...,q — 1} and
k > 0 then for each r > 2,
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In order to get other non-trivial values for the limit, the values of f must depend on the
position k as well as on the digit a. We conclude our discussion with the following conjecture.

Conjecture. Let q,7 > 2 be integers. Then for each real { € [1,00) there exists a q-additive
function f: N — N such that

N
.1 f(n")
1 — = /.
NS N nz::l F(n)
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